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Abstract 



We discuss a natural form of Ricci-flow conjugation between two dis- 
tinct general relativistic data sets given on a compact n > 3-dimensional 
manifold S. We establish the existence of the relevant entropy functionals 
for the matter and geometrical variables, their monotonicity properties, 
and the associated convergence in the appropriate sense. We show that 
in such a framework there is a natural mode expansion generated by the 
spectral resolution of the Ricci conjugate Hodge-DeRham operator. This 
mode expansion allows to compare the two distinct data sets and gives 
rise to a computable heat kernel expansion of the fluctuations among the 
fields defining the data. In particular this shows that Ricci flow conju- 
gation entails a natural form of parabolic averaging of one data set 
with respect to the other with a number of desiderable properties: (i) 
It preserves the dominant energy condition; (ii) It is localized by a heat 
kernel whose support sets the scale of averaging; (Hi) It is characterized 
by a set of balance functionals which allow the analysis of its entropic 
stability. 
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1 Introduction 

The study of initial data sets for Einstein equations[6] is a well-developed 
part of mathematical relativity with seminal interactions with geometric 
analysis. Examples abound, and a fine selection is provided by the inter- 
play between minimal surfaces, mean curvature flow, and asymptotically flat 
data[40, 41], by the connection between the positive mass theorem and the 
proof of the Yamabe problem[2, 50], and most recently by the engineering 
of new data sets out of sophisticated gluing techniques [20, 21, 22]. These 
results often go beyond the motivating physics, and clearly indicate that 
being the carrier of an Einstein initial data set Cg{T,) is an important geo- 
metrical characterization for an n-dimensional Riemannian manifold S. 



If we denote by 7(s,g) A^et(S) the tangent space (at (S, (7)) to the manifold 
AietC^) of Riemannian metrics g on S, by C°°(S,]R+) the space of smooth 
non-negative functions, and by C°°(S, TS) the space of smooth vector fields 
on S, then a (generalized) Einstein initial data set. 



(1.1) Cg{J:) := {g, K, Q, J) G T Met{^) x C7°°(S,M+) x C"^(S,TS) , 



is defined by a Riemannian metric g € A4et{T,), a symmetric bilinear form 
K G 7(s,g) A^et(S), ^ a scalar field g £ C~(S,M+), and a vector field 
J G C°^(S,TS), constrained by the dominant energy condition g > \J\, and 
by the Hamiltonian and the divergence constraints 




Figure 1. The initial data set Cp(S) as a point in the space 
TMetiT,) X C°°(S,M+) x C~(E,rS). 



(1.2) 
(1.3) 




167r^> , 



^We can think of the pair {g, K) as a point of the tangent bundle T A4et{T,) to Met{T,). 
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Here A is a constant (the cosmological constant), := K'^^K^^, trgK := 
g°'^Kah, and 'R-{g) is the scalar curvature of the Riemannian metric g. This 
characterization of Cg(S) is a natural generalization of the notion of 3- 
dimensional initial data set for Einstein equations where the symmetric ten- 
sor field K can be interpreted as the extrinsic curvature of the embedding 
it : T. ^ M('^) of (S,5f) in the spacetime (M(^) ~ S x M,^^^)) resulting 
from the Einstein evolution of whereas g and J can be respectively 

identified with the mass density and the momentum density of the material 
self-gravitating sources on [Ti^g). In full generality, to (1.2) and (1.3) one 
should also add the set of additional constraints of non-gravitational origin 
associated with the dynamics of the sources. In order to avoid specifying 
the precise nature of the matter fields, here we represents these fields in the 
initial data with the pair {p,J), only requiring that the dominant energy 
condition p > \J\ holds. From a geometric perspective it is worthwhile re- 
calling that the set of solutions to the constraint equations (1.2) and (1.3) 
is, under suitable conditions, an oo-dimensional submanifold of the config- 
urational space T Met{T.) x C~(E,M+) x C~(E,rS), [5, 19, 27]. This is 
related to the fact that, from a geometric analysis point of view, the con- 
straints (1.2) and (1.3) provide an undetermined system of coupled (elliptic) 
PDEs [6, 16, 43] . It is precisely such a property that allows for a subtle 
interaction with the additional geometrical structures the manifold S may 
be endowed with, and is responsible for the geometrical richness of the no- 
tion of Einstein initial data sets alluded above. 




Figure 2. Under suitable conditions initial data sets CgCE) 
can be considered as points of a submanifold in the con- 
straints configurational space TA^et(S) x C°°(S,M_|_) x 

c°°(s,rs). 

Among the additional structures that may decorate the constraints configu- 
rational space T Met{T.) x C°°(S,M+) x C°°(S,rS) the one that interests 
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us in this article is related to the Ricci flow introduced by R. Hamilton [37] 
^gabW) = -27^„6(/3), 

(1.4) 

gab{^ = 0)=9ab , < /3 < To , 

where TZabiP) is the Ricci tensor of the metric gik{P)- This weakly-parabolic 
diffusion-reaction PDE deflnes a flow on the space of Riemannian met- 
rics Met{Ti) ^ , which extends naturally to the constraints configurational 
space via linearization and via the (Ricci flow induced) scalar and vec- 
tor heat flows on C°°(S,M_|_) x C°°(S,rS). In particular, the linearized 
Ricci flow and the backward conjugated linearized Ricci flow induce on 
TMet{T.) X C°°(E,R+) x C~(E,rE) a parabolic conjugation with strong 
averaging properties [15]. This suggests that there may be a non-trivial 
interplay between Ricci flow and Einstein initial data sets. The key idea 
in such a scenario is that the Ricci flow, even if it cannot evolve along 
the constraint manifold ^ , may interpolate in the configurational space 
TMet{T,) X C°°(i;,M+) X C°°(S,rS) between distinct initial data sets. 
The above remarks suggest that when a Ricci flow interpolation exists it is 
a form of parabolic conjugation and as such it may provide a natural geo- 
metrical way of comparing an Einstein data set Cg(T,) := {g, K, g, J) with 
a given reference data set Cg(S) := {g, K, g, J). 

In order to make such heuristic remarks more precise we introduce the fol- 
lowing set of deflnitions characterizing Ricci flow conjugation. 

Definition 1.1. {Physical data vs. Reference data) 

Let Cg{T,) := (g, K, g, J) and Cg{T,) := (g, K, g, J) denote two distinct 
initial data sets on a compact n > 3-dimensional manifold without 
boundary S. Both Cg(S) and Cg(S) are supposed to satisfy the correspond- 
ing dominant energy condition and the Hamiltonian and divergence con- 
straints. For Cg(E) := (g, K, g, J) these are provided by (1.2) and (1.3), 
while for Cg(S) := {g, K, g, J) they arc explicitly given by ^ > \ J\, and 

(1.5) n{g)-{2A + \K\l-{trgKf) = IGirg, 

(1.6) 2Va{K'"'-g-'{trgK)) = IGirj' . 

^The Ricci flow is not the only natural {i.e. 'D«//(E)-equivariant) geometric flow on 

A1ei(S), other examples that may come to mind are the Yamabe flow and the Cross- 
curvature flow. In our setting the Ricci flow comes to the fore because it interacts with 
the constraints configurational space in a very natural way, as will be evident from the 
analysis presented here. 

^This is a consequence of the weak-parabolicity of the Ricci flow and of the fact that 
the constraints are in involution with respect to the hyperbolic evolution associated with 
the evolutive part of the Einstein equations. 
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Figure 3. The Ricci flow in the space of Riemannian metrics A4et(S). 

where A is a cosmological constant, (possibly distinct from A), and V de- 
notes ^ the Levi-Civita connection associated with the Riemannian manifold 
(S,^). The data set Cg(S) := {g, K, g, J) will be conventionally referred to 
as the Physical Data on S, whereas Cg(T,) := (g, K, 'g, J) will be called the 
Reference Data. □ 

In such a general setting, Ricci flow conjugation can be defined whenever the 
metric tensors g and g, associated with the two distinct data sets Cg{T,) and 
Cg(S), are connected by a fiducial, non-collapsing, Ricci flow (3 i — > g{(3) of 
bounded geometry on S x [0, /?*]. 

Definition 1.2. (Interpolating fiducial Ricci flow) 

A fiducial Ricci flow of bounded geometry interpolating between the two 
Riemannian manifolds (S, g) and (S, g) is a non-collapsing ^ solution of the 
weakly-parabolic initial value problem 

^ gabi^) = -2nab{P), 

(1.7) 

gabW = 0)=gab , < /3 < /3* , 

such that gabiP*) = gab-, and such that there exists constants Cjt > for 
which jv'' Rm{l3)\ < Ct, k = 0,l,..., for < /? < /3*. We assume that any 

*In what follows, we will often omit the overline over V since the meaning will be clear 
from the geometrical context. 

^The assumption of non-collapsing is necessary since torus bundles over the circle admit 
smooth Ricci flows with bounded geometry which exist for all /3 G [0, oo), and collapse as 
P^oo [39]. 
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such a flow is contained in a corresponding maximal solution, (3 — )• gab{P), 
< P < P* < Tq < oo, with the same initial metric gab{P = 0) = gab- n 

Recall that the maximal interval of existence, [0,ro), for the flow (1.7) is 
either Tq — )• cxd or lim^/^^p [sup^-gs l^nT-i^, l3)\] = oo, whenever Tq < oo, 
[37, 38, 51] where Rm(x,f3) denotes the Riemann tensor of {T,,g{f3)) eval- 
uated at the generic point x G S. 




Figure 4. The Ricci flow in the space of Riemannian met- 
rics A4et{T,) may induce a flow in the configuration space 
TMet{T] X C°^(S,M+) x C°^(S,rS) which interpolates be- 
tween distinct initial data sets. 

If between the two Riemannian manifolds (S,^') and (T,,g) supporting the 
Einstein data Cg(S) and Cg(S) there exists an interpolating Ricci flow of 
bounded geometry then the conjugation between Cg(S) and Cg(S) is char- 
acterized by the 

Definition 1.3. {Ricci flow conjugation[15]) 
Two distinct initial data set Cg{Y^) and Cg{T,) are said to be Ricci flow 
conjugated on S x [0, /3*] along an interpolating Ricci flow of bounded 
geometry /3 i — > g{P), < /? < if they are connected by the flows 
C(/3) G X [0,/3*], ®^r*S) and C^rj) G x [0,13*], ®^TS), 

p = 0,l,2, 7?:=/3*-/3, 

(1.8) /3^C(/3):= MP) , r/^c"(r?):= J (r?) , 

V KM I \ K"'(r?) / 



8 



RICCI FLOW CONJUGATED INITIAL DATA SETS 



respectively defined, along /3 i — > g{P), by the solutions of the Hodge- 
DeRham-Lichnerowicz heat equation 



(1.9) 

CiP = 0) = c^cs) , o<p<p* , 

and of the corresponding backward conjugated heat flow 



i^Ci{r,) = AaC\r,)-n{g{v))CHri), 

(1.10) 

C«(r? = 0) = C7(S) , 0<rj<P*, rj := /3* - P , 
along the time-reversed Ricci evolution rj ^ g{ri). □ 

Remark 1.4. Here := —{d6g(^^-^ + (5^(^) d) is the Hodge Laplacian, with 
respect to Ricci evolving metric ^ i — > g{f3), thought of as acting on C°°(S x 
[0,/3*], (g)^T*S), p = 0,1,2, (recall that formally the Hodge Laplacian on 
symmetric bilinear forms acts as the Lichnerowicz-DeRham Laplacian; see 
below for notation). It is also worthwhile to stress that the flows (1.9) and 
(1.10) directly arise from the linearization of the Ricci flow along a metric 

perturbation g^^{P) := gabW) + ^hab{P), e > 0, 

^ habiP) = -2 |7^1;)(/3)|,=o = -2Dmc{gm o habiP) 

(1.11) 

habiP = 0) = hab , 0<P<I3* . 

Indeed, by considering scalar induced perturbations hab{P) '■= 2VaVb£'(,0), 
vector induced perturbations habiP) ■= '^aJbiP) + '^bJaiP), and tensor per- 
turbations hab{/3) '■= KabiP), one easily reduces (1.11) to (1.9) by naturally 
fixing the action of the group of diffeomorphisms I?i//(S), ( [1], (see also 
Chap.2 of [18]). A similar procedure generates the conjugate flow (1.10). 

As already stressed, the parabolic nature of the interpolating flows /3 i— >■ 
{g{P),C{P)) and rj i— (^(t/), C "(r/)) implies that they do not pointwise sat- 
isfy the constraints, (1.2) and (1.3), for < {f3,r)) < /5*. Rather, they 
entail a form of parabolic L^-averaging of one data set Cg(S) with respect 
to the other Cg(T,) (this latter taken, according to definition 1.1, as the ref- 
erence data set). In this paper we discuss these averaging properties in full 
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Figure 5. The linearized Ricci flow induces a heat flow con- 
jugation in the configuration space TA^et(S) x C°°(S, R+) x 
C°°(E,TE). In this picture the planes denote the 
orbits Og and of the manifolds and {T,,g{(3)). 

The orthogonal planes depict slices L'^-orthogonal to the or- 
bits. They parametrize infinitesimally close orbits sampled 
by a (potentially) non trivial linearized Ricci flow and its 
conjugate flow. The bell shaped curves emphasize that the 
linearized Ricci flow and the conjugated linearized Ricci flow 
can be reduced to geometrical heat flows. 

detail. In particular we prove the existence of the relevant entropy func- 
tionals for the matter variables, their monotonicity property, and the asso- 
ciated convergence in the appropriate L^-sense. We also show that in such 
a framework Perelman's energy characterizes the energy-increasing and 
energy-decreasing reference trajectories associated with the divergence-free 
part of K [t]). 

1.1 Outline of the paper 

We end this introductory section by presenting a commented list of the main 
results proved and discussed in this work. Throughout the subsection we 

let f3 ^ {g{f3),C{^)) and r/ ^ {g{r]),c\r])) be the flows solution of (1.9) 
and (1.10) defining the conjugation between the physical data Cg(S) and 
the reference data Cg(T,) on S x [0, (3*]. 
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A first group of results concerns the locafization properties of the distri- 
bution of the physical matter variables {g, J) with respect to the reference 
data {g, J). We have the 

Theorem 1.5. The relative entropy functional 

(1.12) S[dU{P)\dm] ■■= QiP) ln^(/5) dm , 

where dg{P) := g{P)dfXg(^ij^ and dIl{/3) := g{f3) d~g{j3) , is monotonically non- 
increasing along the flow (3 i— t- {g{[5),d^{l3)). Moreover, the matter distribu- 
tion g{l3) is localized in the entropy sense around g{l3) according to 

(1.13) ^ \\du{i3) - mmL < s[dnmdgm < e-^ /o''- soidnm , 

where So[dIl\dg] := S[dIl{/3)\dg{P)]p=o, t{P) > is a j3-dependent log- 

1 1 2 

Sobolev constant, and where \\ denotes the total variation norm defined 
by 



(1.14) \\dU{P)-dgmy.r= sup 

ll«i|L<l 



<pdu{p)- Jjdm 



Finally, the dominant energy conditions 

(1-15) g{P) > imi , m > \j{v)\ , 

hold along the flows /3 {g{l3) , J (p)) , < /3 < /3* and r) ^ {g{r]), J{r))), 
0<r]<P*. 



Let us note that, following a standard notational idiosyncrasy, the relative 
entropy 5[(in(/3)|d^(^)] is minus the physical relative entropy, thus the above 
result states that, as expected, — S[dll{p)\d'g{j3)] is non decreasing along the 
forward flow /3 — )• g{/3). Also, we should stress that we are emphasizing mat- 
ter rather than volume preservation and consequently the fiducial Ricci fiow 
is not volume-normalized. As follows from the above result, this strategy 
is a posteriori justified since it provides a good control on the localization 
properties of the flow [3 (-)■ g[p) with respect to the reference backward flow 
rj giri). The proof of Theorem 1.5 and a number of related properties are 
discussed at length in Section 5. 

A second group of results concerns the general properties of the geometric 

flows conjugating the extrinsic curvature tensors K and K. These prop- 
erties are a direct offspring of the nature of the Lichnerowicz heat equa- 
tion OdKabiP) = (^ — Ad) Kabi/3) = and of its Ricci-flow conjugate 

0*aK''\r]) = {-§-- Ad n)K''\ri) = 0. The resulting flows P ^ KM 
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Figure 6. Under Ricci flow conjugation we evolve the mat- 
ter variables {g, J) with respect to the reference distribution 
{'q, J). Parabolic conjugation implies that the associated rel- 
ative entropy is monotonic and that the dominant energy 
condition is preserved. 



and 7] K (rj) naturally give rise to a perturbation of the forward and of 
the backward fiducial Ricci flow 

(1.16) /3 ^ (7afe(/3) + eKabiP) , 

rj ^ g-\(3) + eK''\rj), e>0, 

and a basic issue in Ricci flow conjugation is to understand the relation 
between these perturbed flows and the underlying Ricci flow geometry. This 
is discussed in general terms in subsection 2.2 also in relation with the 
properties of the Berger-Ebin splitting of T{Y,,g{i3)) M.e.t{T?j along the Ricci 
flow. An important characterization of the reference backward flow r/ i— )• 
K (rj) is contained in the, (see theorem 2.8 of the paper, and [15]), 

Theorem 1.6. Let rj i— )• K°'^{r]) he the solution of the Ricci flow conjugate 
Lichnerowicz heat equation Q'^K (r/) = on S x [0,/3*], then along rj i— t- 
ig{v),K''\r^)), 

(1.17) ^ RMK"\v)df^gM = , 
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(1-18) ^ ^(5„fe(r?)-2r?i?„,(r?))K"'(7?)dM,(,) = 0. 

To set this result in a proper perspective let us recall that the evolution of 
the reference matter density rj i-> g(r]) along the fiducial Ricci flow is strictly 
related to the Perelman energy functional [48] J" : Met{T,) x C°°(S, R) ^ R 
associated with the pair {g(P),Q{r])) and defined by 

(1.19) T[9{v),m] = jjn+\V\r^Q?)dQ{'n) 

= l^{n+\Vff)e-fdfjig = T[g{v),f{v)], 

for g evolving along the fiducial Ricci flow /? i— t- g{/3), and ^ f = — In ^(77) 
evolving backward according to '^^^ = ^g{r])f — +'^('?)- ^ well- 

known property of the Perelman functional [48] implies that J^[g] /] is non- 
decreasing along the defining (forward) flows, and we have 

(1.20) j^HaiP)^ = 2 - ViVk ine{P)\^ dg{P) > , 
where ^(/3) := 'g{ri = 13* — [3). 

It is natural to discuss how T[g{r]), ~g{T])] behaves on the perturbed reference 

flow r] g^'^iP) + eK°'^{r]), as e \ 0+. In particular, one expects that 
Ricci flow conjugation is a sensible mapping between Einstein data sets if 
the fiducial Ricci flow interpolating between (S, g) and (S, g) is, in a suitable 
sense, stable under the perturbation induced by the reference data (S) at 
rj = 0. If the fiducial flow is a generalized fixed point of the Ricci fiow, e.g. 
a Ricci flat or a shrinking soliton then the problem reduces to the known 
(second-order) stability analysis around the given Ricci flow, (see e.g. [14], 
[34], [52]). More generally, if we interpolate along a generic Ricci flow, we 
have to consider a form of first-order entropic stability around the fiducial 
flow. We have 

Theorem 1.7. For e > small enough and < /3 < /3*, let ^^{g{l3)) 
:= {g{P) + h{/3) I h e 7^s,s(/3)) Me^ , ||/i(/3)||i2(s,<i^^^^^) < e} , 

denote the (affine) e-tubular neighborhood of the fiducial Ricci flow /3 i->- g(^p) 
in AietCS). We assume that P 1— t- g{l3) is not a Ricci-flat soliton over 
T, X [0,/3*]. If KxT is the trace-free and divergence-free part of K ^ Cy(T,), 

then the reference flow rj >->■ {g{r]),C \r])) is J^[g(ri), Q{r])]-energy decreasing 
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(s,g+8/:(p*)) 



Conjugate linearized (S, g+ e Z ) 
Ricciflow 




(S,g) 



Figure 7. The initial K G characterizes the 

T[g{ri), ^(r/)]-energy increasing or decreasing nature of the 
perturbed conjugate flow r/ i— )• K{r]). Since -ftT pro- 
vides a privileged direction in T A4et{T,), the linearization 
D T[g{rj), ~g{r])] o K can be used to define a natural notion of 
entropic stability of the Ricci flow conjugation between data. 



(increasing) in Q^{g(/3)), i.e. 

(1-21) f^n9ie){v),0iv)] 



<0, (>0), 



e=0 



and the Ricci flow conjugation between the two data sets Cg{T,) and Cg(S) 
is J- -stable (unstable) in the K -direction if for r] = we have 

(1.22) dig, K) := ^ (jZabKTT + ^^^^9^) df,g > , (< 0) . 



This theorem, (proved in section 7), states that under the initial condition 
(1.22), (it is important to stress that (1.22) is a statement on the refer- 
ence data Cg-(S) at r] = 0), the initial data set Cg-(S) generates, for e > 

small enough, a perturbed Ricci flow rj i— g°'^{'q) + eK (q) in Q^{g{(3)) 
which is J-[g{rj)^ ^(r/)]-energy decreasing (increasing) with respect to the 
fiducial (backward) Ricci flow. Thus, if 5^(^, K) > we have stability, in 
^(_{g{l5))^ of the flow under such first-order linear perturbation. Conversely, 
if 5^(5, K) < the perturbation increases the J^[g{rj), ■^(r?)]-energy and the 
Ricci flow conjugation is energetically unstable in the reference direction 
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K. Roughly speaking the direction K with respect to which we compare 

the forward evolution j3 i->- Kab{P), (note that Jj, Kab{P)K {(i)d^gi^p-^ is 
preserved by parabolic conjugation), generates a perturbed Ricci flow which 
respect to the fiducial one is energetically more favored and tends to drive 
the conjugation away from the given fi i->- gabiP)- 

The actual comparison between the two data sets Cg{T,) and Cp(E) is real- 
ized by exploiting the spectral resolution of the elliptic operator —Ad, + TZ{g) 
on (Ti,g), (i.e. at r] = 0), and a number of properties which allow to com- 
pare Fourier coefficient along the conjugated flows f3 i— > {g(l3),C{P)) and 

u 

V ^ {9{'>l)jC (??)) solution of (1.9) and (1.10). We have the 
Theorem 1.8. (Data comparison) 

Along the fiducial backward Ricci flow rj i — > g{ri) on T, x [0,13*], let rj i-> 
I $1^^ (rj) I denote the flows defined by 

(1.23) O^<)(r/) = 0, $J^^(r, = 0) nGN, 

where ^(n)} discrete spectral resolution of the elliptic opera- 

tor -Ad -\- n{g) on the reference {T.,g), and Oy.= - + TZ{g{v)) is 
the backward Hodge-DeRham-Lichnerowicz heat operator along 77 i->- g{r]). 
If .Ji{(3*), KabiP*)) denote the forward evolution of {g, Ji, Kab) € 

Cg(S) along (3 — >■ C(/?) then we can write 

(1.24) g{P*) =J2^ 

n 



1 



Q ^(n) djlg 



(1.25) un = E ^i'^^ f / 



(1.26) if„6(r) = E^i? \f ^^^^ 



J/3=0 



■ (1) "^i^g 



dUn 



/3=0 



where the integrals appearing on the right hand side are all evaluated at 
P = 0. Moreover, under the same hypotheses and notation, we have the 
mode distribution 

(1.27) / \e{n\'df,g = J2 I Q^{n)dl^g 



(1-28) / \J{(3*)\'dfig = J2 I Ja%)dfi^ 



/3=0 
2 

/3=0 
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(1.29) ^ \K{n\' = E ^ d^^: 



2 

13=0 



0(P*) 




(2,g) 



Figure 8. The spectral resolution of the elliptic operator 
—Afi + TZ{g) on the reference (S,^) gives rise to Fourier co- 
efficients which have remarkable properties under Ricci flow 
conjugation. These properties generate a mode expansion 
of the physical fields {g, J, K) with respect to the reference 
geometry (S,^). 

Such a mode expansion can be applied to the fluctuations of the physical 
fields /3 I—)- {g{(3),C{l3)) with respect to the reference flows r/ 1— {g{r]),C \r])) 
so as to get 

Theorem 1.9. (Fluctuations mode expansion) 
Let 



(1.30) 



Q = (g) ^^"^ , 

n 
n 

Kab = Ec„(F)^ 



(n) 
ab ' 



t/ie mode expansion on (S, (7) of the reference data € Cg (S). Then, if we 
define 



(1.31) 



^(n) : = 



Cn(£') , 



/3=0 
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(1.32) 



SJ, 



(n) 



(^) , 



(1.33) 



5K, 



in) 



/3=0 



-Cn{K) , 



we can write the ^-evolved data {q{P*), Ji{(3*), Kab{P*)) as 
(1.34) g{l3*) = Q + J2^^^^^(^in) ' 



(1.35) 



in) 



(1.36) 



in) 
ab 



5K, 



in) 



Both Theorem 1.8 and Theorem 1.9 foUows from the results of section 3. 
They can be quite effective when the reference data Cg(S) are supported on 
a manifold of large symmetry e.g. a round 3-sphere for which one can have 
a rather explicit control on the spectral resolution of —/S.(i + TZ[g) in terms of 
scalar, vector, and tensor harmonics. In general, this mode expansion and 
the properties of the associated Ricci flow conjugation suggest that there is 
an underlying heat-kernel representation governing Ricci flow conjugation. 
This also implies that, at least for small r/, Ricci flow conjugation is indeed 
a form of parabolic averaging of the physical data Cg(S) with respect to the 
reference Cg(S). Indeed we have the 

Theorem 1.10. (Heat kernel representation of the fluctuations) 

The 13-evolved data {q{P*), Ji{/3*), Kabil3*)) admit a heat kernel ^ repre- 
sentation in terms of the heat kernel M.{y, x; rj) of the backward conjugated 
operator Qji ■~ ~ + ^(fl'(^))- In particular, the fluctuations of the 
data {q{(3*), .Ji{l3*), KabiP*)) with respect to the reference data € Cg (S), 
admit a computable asymptotic expansion for small rj. For instance, in the 



^See theorem 4.1 for the definition of the tensorial heat kernel B[(j/, x; r/) and the asso- 
ciated notation. 
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case of the matter density, we can write (see section 4, for notation) 
(1.37) g{/3*,y) = giy) + J2^^^^^6in) 

n 

Iff d'^iy x)\ 
(47r77)2 \ / 

h=i (47rr/)5 7s 
+0 (r?^-^) , 

where T[h]{y, x;rj) are smooth coefficients, depending on the geometry of 
{'E,g{r])), characterizing the asymptotics of the heat kernel of Q)*^. 



This asymptotics takes a more explicit form when appHed to the eval- 
uation of integral quantities such as g{P*) d~g{r]). Note that whereas 
Js giP* — il) dg{T]) is a conserved quantity along the interpolating Ricci 
flow, the above integral is not. It provides, as rj varies, the matter content 
of the Ricci evolved g{P*) with respect to the given reference flow ~g{ri) and 
/s i^il^*) ~ sil^* ~ ^)]dg{'n) is a relevant physical quantity which can be 
used to describe the (small rj) fluctuations of g(/3) associated with Ricci flow 
conjugation. Making a parallel with heat propagation, f^. g{P*) d~g[rf) plays 
the role of the heat content of a system characterized by a distribution given 
by g{fi* — rj) aiid by an r/-dependent specific heat proportional to ^(77) . We 
show that as 7? \ 0+ we have the asymptotic expansion 

(1.38) ^ ginmdfigir^) = J^ginQd^ig 

-ri gAg{P*)dfig + n''''VaV,giP*)gdf,g+... . 

Similar expansions can be written down for the current content and the ex- 
trinsic curvature content, (see Theorem 4.5). The proof of these results are 
discussed in detail in section 4, and they provide detailed evidence of the 
non-trivial interaction between Ricci flow and Einstein initial data sets. 

The paper is organized as follows. Section 2 introduces Ricci flow conjuga- 
tion starting with a brief (mainly notational) summary on the Berger-Ebin 
decomposition of the tangent space to the space of Riemannian metrics and 
the associated notion of affine slice. The core of this section is a techni- 
cal lemma providing the various commutation rules between the Hodge- 
DeRham-Lichnerowicz heat operator and its Ricci flow conjugate. Some of 
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these commutation rules are well-known whereas other are new and interest- 
ing in their own right. Section 3 describes a natural decomposition in modes 
associated with the interaction between Ricci flow conjugation and the spec- 
tral resolution of the elliptic operator —Ad+Tl{g). This mode decomposition 
is then applied to the Ricci conjugated flows allowing for a comparison be- 
tween the physical data set Cg (S) and the reference data Cg (S) along the 
lines described in the introduction. In Section 4 we discuss the heat kernels 
for the Ricci conjugated flows and their small r) asymptotics. Section 5 deals 
with the Ricci flow conjugation between matter fields. Here we introduce 
the relevant entropic quantities, discuss the convergence to equilibrium and 
the associated localization with respect to the reference data set Cg (S), 
and prove the preservation of the dominant energy condition. In Section 6 
we discuss Ricci flow conjugation for the extrinsic curvature flow. Finally 
in Section 7 we analize the role of Perelman J^-energy in characterizing en- 
tropically the Ricci flow perturbations associated with the conjugate flow 
rj 1-^ K {rj). A few concluding remarks are presented in Section 8. 

2 Ricci flow conjugation 

To set notation, let S be a compact'' n-dimensional manifold, (n > 3), 
without boundary, and let and Aiet{T,) respectively be the group 

of smooth diffeomorphisms and the open convex cone of all smooth Rie- 
mannian metrics over S. For any g G Aiet{T,), we denote by V the 
Levi-Civita connection of g, and let TZm{g) = di dx^ dx'' (8) dx"^, 
TZic{g) = TZab dx"' ^ dx^ and 'R.{g) be the corresponding Riemann, Ricci and 
scalar curvature operators, respectively. The space of smooth (p, g)-tensor 
flelds on S, C~(E, (^pT*^ 0"? TE) is endowed with the pre-Hilbcrtian 
inner product (f/, T^)L2(s,d^ ) = /s where (C/, V)g is the point- 

wise (/-metric in ®PT*^ J? TS. We let \\U\\l2 and \\U\\^, = WUW^ + 

Y^l=i II^^*''^IIl2' s > 0, be the corresponding and Sobolev norms. The 
completions of C°°(S, (8)^T*S(8)^rE) in these norms, deflne the correspond- 
ing space of square summable and Sobolev sections L^(S,(X)^T*I] (X)'' TS) 
and ^^(S, ®P r*S®'^rS), respectively. In such a setting, the tangent space 
to M.et{Ti) at (S,^), 7(s,p)A^et(S), is identified with the space of smooth 
symmetric bilinear forms C°°(S, (S'|T*S) over E, and we shall consider the 
Riemannian metrics Met '^(S) of Sobolev class s > ^ as an open subset of 
(g)^ r*S). The averaging properties of Ricci flow conjugation between 
distinct initial data sets depend on the interaction between the linearized 

'^In the non-compact case our understanding of Ricci flow conjugation is much more 
Umited due to the subtle issue of the appropriate boundary conditions to adopt in deahng 
with the interpolating flows. 
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and conjugate— linearized Ricci flow and the Berger-Ebin splitting of the 
space of symmetric bilinear forms. Thus, to place the arguments to fol- 
low in a natural context, we start recalling a few basic properties of such a 
decomposition. 

2.1 Remarks on the afHne Berger— Ebin slice theorem 

The (non-linear) space Aiet **(S) is acted upon by the (topological) group, 
T>iff ^ (S), defined by the set of diffeomorphisms which, as maps S — t- S are 
an open subset of the Sobolev space of maps 'H*'(S, S), with s' > s + 1. In 
particular, there is a natural projection map tt : T>iff * (S) — > Og, 7r(^) = 
(f)* g, where Og is the Pz// (S)-orbit of a given metric g G M.et^{'E), 
and (j)* g is the pull-back under (/) <E Vif f ^' (T,). If T(^^g-)Og denotes the 
tangent space to any such an orbit, then T(Y.,g)^g is the image of the injective 
operator with closed range 

(2.1) : '«"+^(s,rs) 'H'{j:,(g)^T*j:) 

w S*g{w) = ^£yjg , 

where denotes the Lie derivative along the vector field w. Standard ellip- 
tic theory implies that the L^-orthogonal subspace to Im 5* in 7(s^p)A^et *(E) 
is spanned by the (oo-dim) kernel of the adjoint 6g of 6*, 

(2.2) 5^ :'^"(E,(8)^T*E) ^ 7/'"^(E,r*E) 

h ^ 5g h = — g^^ Vihjk dx'^ . 

This entails the well-known Bergcr-Ebin L^(E, d/Xg)-orthogonal splitting 
[24, 13] of the tangent space 7(s^g)7Wet '^(E), 

(2.3) 7^s,9)A^et^(E) ^ [T^j:,g^Met%J:) n Ker 6g] ®Imd*g [n'+\^,TJ:)] , 

according to which, for any given tensor h G T(Y,^g)M.et^{Il), we can write 
hab = + '^w gab where h'^f^ denotes the div-irce part of h, ( V /ij^ = 0), 
and where the vector field w is characterized as the solution, (unique up to 
the Killing vectors of (E, g)), of the elliptic PDE Sg5*gW = Sg h. 

Let us consider the subset of metrics A^et*+^(E) C A4et*(E), and let 

(2.4) B;+\g) = {h^e r^^,g^Met'+\^) n Ker Sg \ \\h^\\L2 < p} , 

be the open ball of radius p, L^-orthogonal to Im S* {H^'^^{TT,)) . According 
to the Ebin-Palais slice theorem [24] , (for a fine survey on slice theorems see 
[7] and [42]), Bp~^{g) exponentiates, via the flow induced by "H*"^^ vector 
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Figure 9. The Berger-Ebin decomposition of 7(x;,g)-^et 

fields [25], into a submanifold Sg'^^ of A1et*"'"^(E) providing a shoe to the 
action of Since Met'+^J:) is an open set in ^ 0^ 

instead of a local slice obtained by exponentiation, here we shall use the 
affine slice defined, for a small enough p, by the ball Bp~^{g) itself, (affine 
slice construction is described in [8, 42]). Explicitly, if we identify 

(2.5) 5f 1 ^{g + B;+\g)} C ?^ ^+i(S, 0^ r*S) 

then, there is a neighborhood l^g^^ oi g £ ©^^^(S) and a section x ■ ^g^^ ~^ 
Viff'+^{T.), g' ^ xig') G Viff+^J:), with n o x = id, such that the map 

(2.6) T :Wg+^ X S'g+^ Met'+\^), 

{g',g + h^) ^ r{g',g + h^) = x{9r{g + h^), 

is a local homeomorphism onto a neighborhood of g in A4et^~^^(Ti). More- 
over, if I{T,,g) C A4et^~^^{Tj) denotes the isometry group of (S,g) and 
r] £ I(S,5), then r?* = Conversely, if r/ G Viff'+^{T.) and 

r/*5|+i n 5^+1 / 0, then r/ G /(S,c/). This affine version [8, 42] of Ebin- 
Palais slice theorem allows to locally parametrize Aiet^~^^{T,), in a neigh- 
borhood of a given (S, g), by means of the diffeomorphisms ip G T^if f^^^ijl) 
defined by the cross section xid') = 9 aiid of the divergence free tensor 
fields /i^ in the slice Sg'^^ . 

Remark 2.1. Regularity arguments show that the existence of the slice 
map (2.6) can be extended to 7Wet(S), (obtained as the (inverse) limit 
space {A^ei *''~^(S)}s_j.oo)) and henceforth we shall confine our analysis to 
the smooth case. 
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Figure 10. The affine Berger-Ebin slice theorem along the 
fiducial Ricci flow. 

Let /3 — )• QabiP) be a fiducial Ricci flow of bounded geometry on S x [0, /?*] 
in the sense of Definition 1.2. The hypothesis of bounded geometry implies 
that we can apply the Berger-Ebin splitting (2.3) along the fiducial Ricci 
flow. In particular we have the following induced affine slice parametrization 
in a neighborhood of the given Ricci flow 

Lemma 2.2. Let (3 i— t- g{f3) be a fiducial Ricci flow (3 i— t- g{P) of hounded 
geometry on x [0,/3*], then there exists an affine slice parametrization of 
a tubular neighborhood, $7p(g(/3)), of (3 ^ gab{P) such that 

(2.7) ^pigm) = {Ugi^p) X 5,(^)) X [0, n , 

where, for each given j3 G [0,/?*], Ug{i3) C Cg(/3) is an open neighborhood of 
the Ricci flow metric g{f3) in the Dif f{T,) -orbit Ogi^p-^, and 

(2.8) = {5(/3) + h'^\ h^ £Ker , ||/i^||L2(s,dM,(^)) < p] > 

is, for p > independent from (3 and small enough, the associated affine 
slice through g{(3). 

Proof. Along /3 i— )• g{f3), < /3 < the Berger-Ebin decomposition 

(2.9) Tg^p^Met{^) ^ Ker 6g^p) Im 6;^^) 

is well-defined since the fiducial Ricci flow is of bounded geometry. At each 
given f3, the corresponding affine slice is provided by, (see (2.5)), 

(2.10) 5,(^):^{5(/3) +^p(/3)(5(/3))} , 
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where the open ball Bp(^^^{g{P)) of divergence-free tensor in 7(E,g(/3))A^et(E) 
is defined according to 

(2.11) = e Ker | ||/i^(^)|U2 < p{P)} . 

The hypothesis of bounded geometry implies that, for < 13 < l3*, the set 
of {/o(/3)} is uniformly bounded away from zero by some positive constant 

p := info</3</3* {pi/3)} > 0. We correspondingly define 

(2.12) BMP)) = {h^iP) G Ker | ||/i^(^)||l2 < p} . 
and set 

(2.13) {gm + ■ 

Since ^ the slice map (2.6)) associated to restricts naturally 

to <Sg(^i3), to the effect that for each 13 G [0, there is a neighborhood ^g(/3) 
of gi/3) G Og(/3)(S) and a section X/3 : Wg(^) Viff{T), g' ^ Xpid ) e 
Viff^E), such that the map : Wg(^) x — >■ A1ef(S) 

(2.14) T^{g', g{P) + ^^(/3)) = xpig')* im + ^''(^)) , 

is a local homeomorphism onto a neighborhood of g{0) in A^et(S). | 

2.2 The Hodge— DeRham—Lichnerowicz heat operator 

The Ricci flow interacts with the slice map in a rather sophisticated way: 
a perturbation of the Ricci flow which propagates an h G 7(E.(;{i9=o))-^'5^(^)n 
Ug(^p=Q) will give rise to a perturbed Ricci flow evolution in l^g(i3), whereas a 
perturbation propagating an /i G 7(s,g(/3=o))-^6t(E) fl Sg(^^-^ in general fails 
to evolve in Naively, this can be attributed to the dissipative (weakly- 

parabolic) nature of the Ricci flow, however the underlying rationale is quite 

subtler and holds a few surprises. To discuss this point, let e (->■ g'^^{P), 
< e < 1, be a smooth one-parameter family of Ricci flows in the tubular 

neighborhood Q,p(g(l3)) defined above. For e \ 0, this set {5^5^ (/3)} is lo- 
cally characterized by the tangent vector hab{0) in Tg(^)A^et(S), covering 
the fiducial curve j3 — > gab{(3), < (3 < (3* , and defined by the first jet 

habiP) = ^^ift (/3)le=o of g^biP)- Any such hab{/3) satisfies the linearized 
Ricci flow equation 

^ habiP) = -2 |7^S(/3)|e=o = -2Dnic{gm O hab{P) 

(2.15) 

hab{/3 = 0) = Kb , 0<(3</3* . 

As is well-known, this linearization is not parabolic due to the equivariance 
of the Ricci flow under diffeomorphisms. However, there is a natural choice 
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Lichnerowicz 
heat flow 

Fiducial 
Ricci flow 



0„ 







K(P) 
O 




// / V/ 



Linearized 
Ricci flow 



(E,g + 8K) 



Figure 11. The geometry of the hnearized Ricci flow is re- 
lated to the observation that if K{p) is a solution of the 
Lichnerowicz heat equation, then K{f3) := K{(3) 
is a solution of the linearized Ricci flow (with the same ini- 
tial datum K) as long as the covector fleld is such that 
^ wi(3) = Sg(^p^{K{f3) - \tr K{/3) with w{P = 0) = 0. 



[1], (see also Chap. 2 of [18]), for flxing the action of the diffeomorphism 
group Vif f{T?j, and (2.15) takes the form of the dynamical system /3 i— )• 
hab{(3) G Tg(^)A^et(S) defined, along the fiducial Ricci flow (3 i— )• g{(3), by 
the Lichnerowicz heat equation 

OL/iafe(/3)= (A-Ai) habW)=0, 

(2.16) ^ ^ 

hab{(3 = 0)= hab , 0<P<P\ 

where Al : C°°{Y., (g)^T* S) C"^(S, (^"^T* S) is the Lichnerowicz-DeRham 
Laplacian [44] on symmetric bilinear forms defined, (with respect to QabiP)), 
by 

(2.17) A^hab = ^hab — RasK — Rbsh^ + 2Rasbth^^ , 

A = c/"''(/3) Va Vb denoting the rough Laplacian. Henceforth, when dis- 
cussing the linearized Ricci flow (2.15) we will explicitly refer to the gauge 
reduced version (2.16). 

Remark 2.3. (The Hodge-DeRham-Lichnerowicz heat operator). It is worth- 
while recalling that the elliptic operators defined, along the fiducial Ricci 
flow /3 — >• QabiP)-, by: (i) The standard Laplacian acting on scalar functions 
A; (ii) The vector Laplacian acting on (co) vector fields, A^jgc = A — IZic; 
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Fiducial Linearized 
Ricci flow Ricci flow 



Figure 12. The Hodge-DeRham-Lichnerowicz representa- 
tion of the hnearized Ricci flow is a geometrical heat equation 
which unifies the scalar, vector, and tensor heat equations 
which we often use to analyze specific properties of the Ricci 
flow. 



and ( in ) The Lichnerowicz-DeRham laplacian acting on symmetric bilinear 
forms Ai, can all be formally identified^ with the (7(/3)-Hodge-DeRham 
laplacian acting on p-differential forms 

(2.18) Ad = -id6g(^(s)+6g^^)d) . 

Thus, along a Ricci flow of bounded geometry f3 i— )• gabiP), < /3 < /?*, the 
scalar heat flow ( J^— A) a;(/3) = 0, the covector heat flow {-^—Ayec) Va{/3) = 
0, and the linearized Ricci flow — Ai)/iab(/3) = 0, can be compactly 
represented by the kernel of the Hodge-DeRham-Lichnerowicz (HDRL) heat 
operator 

(2.19) Od = ^-A,, 

thought of as acting on the appropriate parabolic space of /3-dependent sec- 
tions: C~(E X M,M) for the scalar heat operator, C°°(S x M,r*S) for the 
covector heat operator, and finally C°°(S x M, (8)|,T*S) for the Lichnerowicz 
heat equation. Alternatively, we may consider Qd acting on the carte- 
sian product Xp^qC°°(S x R,(^^gT*T,), {p = 0,1,2), and use the compact 
notation 



*The fact that formally the Hodge laplacian Ad acts on 2-forms in the same way 
that the Lichnerowicz-DeRham laplacian acts on symmetric 2-tensors is a well-known 
property of Al-scc e.g. [18]. 



MAURO CARFORA 



25 



fcoiP) \ /(|-A)c.(/3) \ 

(2.20) Odi Viif3) := (|-A,ec)t;^(/3) . 

V habW) J \ (|-Ai)/i„,(/3) J 

If we consider the x M, df3 d^g^^^-^) parabolic pairing between the spaces 
C°°(S xM,®^r*S) and C°^(S x M, O^TS), (p = 0,1,2), we can also intro- 
duce [15] the backward L^-conjugated flow associated with (2.16), generated 
by the operator 

(2.21) Od = -^-A, + 7^, 

acting on the appropriate space of /3-dependent sections C°^(S x M, (8)^TS), 
(p = 0, 1, 2), or in a more compact form 



/ w{0) \ ( (-M-A + 7^)tu(/3) \ 
(2.22) Od W\P) \ := (-|-A,ec + 7^)^r*(/3) 

I \ (_|_Az.+7l)i/«^(/3) I 

for {w,W,H) G x2^oC°°(S xM,«)^r^). 




Ricci flow 



Figure 13. The conjugate Hodge-DeRham-Lichnerowicz 
heat equation has a number of unexpected properties allow- 
ing a better control of the linearized Ricci flow. These prop- 
erties are related to the fact that the Ricci curvature evolves 
according to the forward Lichnerowicz heat equation. 

The role of Qrf ^'^^ Od Ricci flow conjugation is connected with their 
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interaction with the Berger-Ebin sphtting of 7(s,g(/3))A^et(S). To make this 
interaction expHcit, we organize in a unique pattern a number of commu- 
tation rules among Qdj Od' the action of (^^(/j), and S*(^py Some of 
these relations are rather familiar, a few others extend, in a non trivial way, 
known properties of the conjugate scalar heat flow. 

Lemma 2.4. (Commutation rules) 

If 0(i c-f^d Od respectively denote the Hodge-DeRham-Lichnerowicz heat 
operator and its conjugate along a fiducial Ricci flow /3 — t- gab{l^) on H x 
[0,13*], then for any G C°^(S x M,r*S), G C7°^(S x M,^|T*S), 
and H{P) G C°°(S x M,(g)|rS) we have 

(2.23) ^ := ^ hM H^\P) df^.i^^ 



H'^'m Od habm - habiP) 0*d H'^'W) 



moreover the following set of commutation rules hold: 

(2.24) ir,(^) {Od hm = Od [trg^p) HP)) - 2n'\p) h^kiP) , 

(2.25) tr,(^) {OdHm = Od {trg^^)HiP))-2nikiP)H'\P), 

(2.26) Od (Sl^^) v\P)) = (Od , 

(2.27) 0*d {^(0) H{/3)) = 5g^p) (Od nm , 

(2.28) Od {^aip) HP)) = <5,(;3) (Od hm - 2n'\p) V, dx' 
-2hik{/3) (v^7^^'=(/3)- V'=7^K/3)) dx^ , 

(2.29) Od ='^^(/3) (OX/3)) - [^aV'=7^fc6(/3) +^;^,V'=7^ik„(/3) 

+2i;'=(;3) (V„7^^,it(/3) + VbTZakiP) - Vik7^a6(^))] dx« dx^ , 

where trg(^^^ and " respectively denote the g{P) -dependent trace and the g{P)- 
rising operator along the fiducial flow. 



Proof. The relation (2.23), describing the evolution of the pairing be- 
tween 7(s,g(/3))-Met(S) and C°°(S x M, (g)|TS), immediately follows from 
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adding and subtracting H"-'^Al hob to 
(2-30) TpW),HmL^i^,a,,,,,) 



d d 
hab-Q^H"^ + H"^ -^hab - TlhabH"" 



and exploiting the fact that is a self-adjoint operator with respect to 
diJLg(^0y The commutation relations (2.24) and (2.25) between the g{P)— 
depenedent trace and the operators Qd Qd elementary consequences 
of the Ricci flow evolution. Similarly well-known, (see e.g. [18]), is the 
commutation rule (2.26). A direct computation shows that (2.28) is a con- 
sequence of the Weitzenbock formula, (sec e.g. [15]), 

(2.31) Ai Ski = A V'^ Ski + Ska Vi R""" - Rf V*^ Ska - "iSka R^ , 
and of the Ricci flow rule 

(2.32) ^ Ski = g'^ Vi (J^ Sk^ + 2R'^Vi Ski + Smi ViR""' , 

both vahd for any symmetric bilinear form S G C°°(S X M, (g)|r*E). Ex- 
plicitly we compute 

(2.33) (^^ - A,) hki = ( hk^ + 2n"'Vi hki 

+ h^i V^7^'"^ - A(V'= hki) + nj V'^ hki 

^ hki^ + 2TV''Vi hki + hmi V^7^"*^ 

-v*^ {Al hki) + hkaViU'"' - ny'' hka 
-2hkay^ni + n\v^hkj 

hki - Ar hk^ + 2TV^Vi h 



■ 'kl - "-kl J V i llki 

+2hik{ViTV^ -V^n) > 

where in the first and in the forth line we exploited (2.32) and (2.31), re- 
spectively. This provides (2.26). The basic relation (2.27) follows from a 
rather lengthy but otherwise straightforward computation. According to 
the definition of Qd we have 



(2.34)Od {VaH'^'') = {g'' VaHt) - (A, - 7^) VaH'^' 



-211^^^^ Hal - g^^-Q^V'Hal - AVaH"^ + 7^fV„ i?"' + nVaH'^ 
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By exploiting again (2.32) and (2.31), this latter expression reduces to 

d 



(2.35) = -27^'"V"i^a/ - ^'V" [^g^Haij - 2/'7^*"Vi Hal 



d_ 
dp 

d 



bl-r-ja 



9ac gid-Q^H'^'^ - 2Tla 



cd 



-27lidgacH 



cd 



= -n'^^VHai + 2H'* V"7^ac + 27^ac V" H'* + 2Hi V"7^^ 



2TV''Vim 



2-' -'a 

d 



ah 



8(3 



-Al + TZ 



H 



cb 



where the last line follows from cancelling terms and by using the contracted 
Bianchi identity. This proves (2.27). Finally, (2.29) is a consequence of the 
known Ricci flow identities, (see e.g. [18]), 



(2.36) Vi (^Avj - n'^Vk) = AiViVj - {ViUjk + VjHik - VkUij) , 

(2.37) ^^i^i = (^''^■) + '''' ^^^'^ok + ^jT^ik - Vfc7^,J 



which hold for any smooth /3-dependent covector field v{j3). According to 
these we compute 

d 



(2.38) 



dp 



+ Ad-n\ {VaVb + Vb^a) 



'^a[-^+^d-Tl\vb + Vb(^+^d-'R-]Va 



from which (2.29) follows. | 



From the commutation rule (2.26) we get a familiar property of the linearized 
Ricci fiow which we express as the 
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Lemma 2.5. If (3 v{f3), < /? < j5* , is a solution of Qd v{{3) = 0, then 
the induced flow 

(2.39) /3 ^ S;^^^ (/3) e Ug^p) n 7^s,<;(/3))-Met (S) x [0, , 
is a solution of the linearized Ricci flow Qd ^*g{i3) '^KP) — 0- 

This implies that the forward evolution along the linearized Ricci flow nat- 
urally preserves Im6*g(^i^-^, and that data = 0) = S*gv'^\^_^ evolve in 
X [0,P*]. Conversely, if /i(/3) G Ker n 7^s,c;(/3))-^e*(S), < /? < /3*, 
is a solution of the linearized Ricci flow with /i(/3 = 0) E Ker 5g(^p=Q-j, then 
in general h{/3) Ker6g(^0^ for /3 > 0, and /? i— )■ /i(/3) does not evolve in the 
affine slices x [0,/3*]. 




Figure 14. The forward evolution along the linearized Ricci 
flow (in the HDRL representation) naturally preserves 



Remark 2.6. If we decompose h{(3) £ KerQa according to the g{(3)- 
dependent Berger-Ebin splitting 

(2.40) hM = hlW) + L^^p)gM, hUfS) = , 

we immediately get from Od^afe(/3) = 0, and the commutation rule (2.26), 
the relation 

(2.41) Odhlm = -2 6;^^^ {Odw{f^)f . 
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This directly shows that the non-trivial part h'^i,{(3) of a solution of the 
linearized Ricci flow /i(/3) dynamically generates T>iff{T,) reparametriza- 
tions, (^g(^) (Od ^(/^))) of the given fiducial flow. Thus, whereas elements in 
Ker Od nC°°(S x R,T*T.) generate a natural evolution in Ug(^(s) x [0,(3*], 
there is no natural way of preserving the subspace ker along the for- 
ward flow (2.16) if we do not impose strong restrictions on the underlying 
fiducial Ricci flow P ^ gab{P) [4, 12, 34, 36, 56]. 



The situation is fully reversed if we consider the conjugated flow generated 
on (7°°(E X R, (g)^TE) by Q^' since in such a case the commutation relation 
(2.27) immediately implies [15] the 

Lemma 2.7. Let f3 i— t- Qabif^) be a Ricci flow with bounded geometry on x 
[0,/3*], (3* < Tq, and let ij h-> gabiv)) = P* ~ denote the corresponding 
backward Ricci flow on x [0, P*] obtained by the time reversal fi ^ r] = 
P* — (3. Then KerSg^^-^ is an invariant subspace for Q^; 

(2.42) Od(^er<5,(,))cifer,5,(,), 

along r) i->- gabiv)- -^^ particular, if rj ^ H{rj) with H{r} = 0) G Ker 5g^^^ff^ 
is a flow solution of the parabolic initial value problem Q)*^H{rj) = on 
S X [0,^*], i.e. 

(2.43) 

if«''(r, = 0) = H''^ e C^{'S,<^'^T'S)nKerSg , 
then r] ^ H{r]) G Sg(^^) n 7^2,g(^))A^et(S) x [0,/3*]. 



Notice that, according to (2.23), the conjugate linearized Ricci flow ry i->- 
H"'^{r]) is characterized by 

(2.44) |- ^ hab{ri)H''\ri)dfig^^) = , 

along any solution /3 habiP) of the linearized Ricci flow Q)dh{j3) = on 
{ll,g{j5)) X [0,/3*], (with {3 = 15* — rj). In particular, from the commutation 
relation (2.26), it follows that 

(2.45) 1^ l^{^m-'(v))^^H'^\v)d^.,i,^=0, 

V/3 I— 7- v{f3), QdviP) = 0. Surprisingly, these elementary properties directly 
imply the following strong geometrical characterization of 77 1— ?■ H"'^{r)): 

Theorem 2.8. (see [15]^ Let rj 1— ?■ H°'^{ri) be a solution of the conjugate 
linearized Ricci flow (2.A3) on T, x [0,P*], then J^. Rab{'n)H"'^{r])diJ,g(^^^ and 
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Figure 15. The backward evolution along the conjugate hn- 
earized Ricci flow (in the HDRL representation) naturally 
preserves metric perturbations which are in Ker 5g. 



/s {9ab{-r]) - ^-qRabiv)) H"-''{T])dfMg,^^^ are conserved along rj H> (^(r/), H{r])), 
(2.46) ^ RMH''''iv)dfig^r>) = , 



(2.47) ^ (gM - 2v Rabin)) H''\v)dfigM = ^ ■ 

This result characterizes the solutions r/ 1— )• H{r]), of the conjugate linearized 
Ricci flow Orf H{r]) = 0, as providing the localizing directions (in sense) 
for the (non-linear) evolution of TZic{g{f3)) 

(2.48) ^ TZij = ALTZij = ATZij + 27^fc^J■^7^'^' - 2mZikn] . 



3 Conjugated mode expansion 

Let us consider the pair of conjugated heat flows (1.8), C(/3) G Xp=o C'°°(S x 
M,<g)^r*S) and C^ri) G x2^oC°°(E x M,<8)^rS), solutions of (1.9) and 
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(1.10). Notice that 
(3.1) 



a;(/3) 



Till) 



provides the obvious dictionary among the fields discussed in the previous 
sections and their physical counterparts defining the data sets CgiT,) and 
CgiTi). Theorem 2.8, Lemma 2.4 and Lemma 2.7 allow a rather complete 
analysis of the conjugation between two given n-dimensional Einstein initial 
data sets Cg(S) and Cg{Ti) as characterized by definition 1.3. We start by 
exploiting the conjugacy relation between Qd) O^) ^'^id the L^(S, d/x^^^)) 
spectral resolution of C°°(S, (g)|rS) generated by the operator — 7?.(?7) 
at a given fixed r] G [0, ^*]. 

Since we are considering Cg(S) as the reference data, let us set r/ = so 
that g{rj = 0) = ^ G Cg(S). From the spectral theory of Laplace type op- 
erators on closed Riemannian manifolds (see [29], and [30] (Th. 2.3.1)), it 
follows that, on (S,^), the elliptic operator = —/S.^ + Tl{g) has a discrete 



spectral resolution -^(n)}' 



(3.2) 



(n) 



ab 



- ab 



where ^(n)i ^{n)i ^(n) respectively are the eigenfunction of the conju- 

gate scalar Laplacian — l^d+T^ig) ■, of the conjugate vector Laplacian — At,ec+ 
7^(^), and of the cojugate Lichnerowicz-DeRham Laplacian — A/, + lZ{g). 

The eigenvalues a|^| < \^^^ < . . . oo have finite multiplicities, and are con- 
tained in [—C^'^\ oo) for some constant C^*^^ depending from the (bounded) 
geometry of (S,^). Moreover, for any £ > 0, there exists an integer n(rf)(£) 

so that n5~^ < A^^^^ < ni"*"^, for n > n(^^-^{e). The set of eigentensor 
G C°°(S, OT E), p = 0, 1, 2, with 

(3.3) Prf = (-Arf + nig)) = 

provide a complete orthonormal basis for L^(S,(8)PTS; dHg),p = 0,1,2. 
If for a tensor field H G L'^{T,,&'TT,), p = 0,1,2, we denote by Cn = 
^H,^^^^^ ^ the corresponding Fourier coefficients, then we have that 
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H G C~(S,(»PrS),p = 0,1,2, iff lim„^oo c„ = 0, Vfc G N, (i.e, the {c„} 
are rapidly decreasing). Also, if \H\k denotes the sup-norm of k^^ covariant 
derivative of H, then there exists j{k) so that \H\k < n^^''^ if n is large 
enough. This result implies in particular that the series H = X]n'^"*^(n) 
converges absolutely to H, and that the linear span of the j'l'/n)! is dense 
in the C°° topology. With these preliminary remarks along the way, we have 




Figure 16. The backward evolution, along the conjugate 

linearized Ricci flow, of the eigenmodes |<I>(^)| of the the 

elliptic operator = — + TZ{g) does not preserve the 
eigenfunction property. However the associated Fourier co- 
efficients are preserved. 



Theorem 3.1. (Conjuqate mode expansion) 

Alon, tkM, ,ack.ur4 lUccfio. r, ^ »„ Ex |0, n <^t 

C°°(i; X [O,/3*],0PTS), p = 0,1,2, denote the flows defined by 

(3.4) Od<)(^) = 0, <D;„)(r? = 0) nSN. 

//C(/3) G X [0,/3*],OT*S), OdC(/3) = 0, C(/3 = 0) = C, is the 

forward evolution of {g, Ji, Kab) S Cg{T,) then, in terms of the initial data 
C{f3 = 0) := {g, Ji, Kab) £ Cg(S), we can write 

(3.5) g{f3*)= E^^"V 

(3.6) un = ^i"^ ^ dfig , 



34 



RICCI FLOW CONJUGATED INITIAL DATA SETS 



(3.7) ^a(.(/3*) = E / K^J^l^d„^, 

where the integrals appearing on the right hand side are all evaluated at P = 
0, e.g. K,j dfig := Ki,{f3 = 0) ^^^iv = P*)dfig^p^oy Moreover, 
under the same hypotheses and notation, we have 

(3.8) ^ 1^(^)1' dfi^ 

(3.9) 1^ \J{nf dn^ 



Q^{n)dlJ.g 



n)dl^g 



(3.10) 



/ \K{n?dt,g = Y. [ 



Remark 3.2. Note that the integral norms on the right side of the above 
relations, e.g., | Q^{n) only depend on the given initial, (for /3 = 0), 

fields {q), J a, Kab)j and on the geometry of the underlying Ricci flow /3 



g{P), (via the backward flow 77 <I> 



tt 



Proof. We prove theorem 3.1 explicitly for the /3-evoIution of the second 
fundamental form /3 ^ Kab{li) G C°°(S, (g)2r* E), the remaining cases for 
15 £>(/3) and /3 ^ Ja{P) being similar. 

Prom the evolution Qd ^fn) iv) = 0; we compute 

(3.11) ^ l^inM^ = A |$(„)(r/)P - 2 |V$(„)(r?)|2 - 7^(r?) |$(„)(7?)P 
+ 4 $(„)(??) • niem{/3) ■ $(n)(r?) , 

where |V$(„)(r?)|2 := V ^f^^V (v), and $(„)(??) . 7^^em(/?) . $(„)(77) := 
^i-fci' ^fn)- This implies that 

(3-12) ^ ^ |$(„)(r?)pdM,(,) = -2^ |V$(„)(r?)pd/.,(,) 

+4 / *(n)('?) • 7^^em(^7) . $(„)(??) . 

This explicitly shows that, for rj > 0, the flows |'J'(„)(^)| & C°°(S x 
[0, (^^T S) do not preserve, in general, the orthonormality condition of 



i]=0 
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the original To partial compensation of the lack of normaliza- 

tion, we can easily bound the norm of Since the Ricci flow 

/3 gabiP) on S X [0, /3*] is of bounded geometry, a direct application of the 
maximum principle to the reaction-diffusion equation governing the evolu- 
tion of \TZiem{g{f3))\'^ along (3 i— t- gab{P)j implies the doubling time estimate, 
(see e.g., [18], lemma 6.1), according to which if \7liem{g{l3 = 0))\ < Co 
then \niem{g{l3))\ < 2 Co, for all < /3 < 1/16 Co. Introducing this in 

(3.12) we get 

(3.13) ^|$(„)(r?)|2d/,^(^) < e«^°^ ^ |$(„)(77)|' d//^ 

where we have exploited the orthonormality condition | (r/)p dfig\ri=o = 
/j. I $(„)(??) P d//^ = 1. Note that even without the doubling time esti- 
mate, (e.g. if we run the interpolating length-scale P over an interval 
[0,P*] such that j3* > 1/16 Cq), the hypothesis of bounded geometry implies 
that \TZie'm{g{(3))\ < C(/3) on S x [0,/3*], for some /3-depending constant 
C(/3) < oo. In such a case wc get the weaker estimates 

(3.14) / |$(„)(r?)|^d/x,(,) < e'Io'cis)ds^ 

which suffices to control, in terms of the geometry of the underlying back- 
ward Ricci flow r] i-> g{ri), the L^-norm of the flows {$"^^}. It is also not 

difficult to check that |$|^^(77)| are not, for r/ > 0, the eigentensors of the 

family of r/-dependent elliptic operators Pdiff) = —^d + T^igiv))- However, 
as we shall prove momentarily, the conjugacy between C)dC{/3) = and 

{^(n)('?)} ~ ^ preserves the Fourier coefficients V/3 G [0,^*], e.g. 

(3.15) ^ KijiP) $f„)(/3) = ^ Kij ^l^{/3*) dixg . 

With these preliminary remarks along the way, let KabiP*) G C°^(S, (g)^T* S) 
be the evaluation, for ^ = ^3*, of the flow KabiP) G C~(S x [0, /?*], 0|T*S), 

OdK{/3) = 0, K{P = 0) = K. Since the set of eigentensors |^-^^| provide 

a complete orthonormal basis for L^(S,(g)^T* S; dfig) and their linear span 
is dense in C°°(S, (8)|r*S), the smoothness of K^biP*) implies that we can 
write 

(3.16) Kabin = E / ^t) ' 

where the series converges absolutely in the C°° topology. Along the con- 
jugate heat evolutions {$Sfc^(?7)} G C'°°(S x [0, /3*],(S)^T* S), Od'^\k\v) = 
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0,^[l\rj = 0) := l>J^\n G N, and KM G x [0, /?*], $d|T*S), 

OdK{l3) = 0, K{l3 = 0) = K, we have (see (2.23)) 

(3.17) ^ I^K,j{P)^l^{P)df,g^p)=0, 

where $j'^^(/3) := *J'('^)(f? = /3* — /3). This imples (3.15), and in particular 
(by evaluating the left member for (3 = (3* and the right member for /3 = 0), 

(3.18) ^ K,0*) d^ig = ^ i^,, cI>;^„)(/3*) d^^g , 

which yields (3.7). Under the stated smoothness hypotheses, (3.10) imme- 
diately follows from Parseval identity. | 



Fields 




Figure 17. The forward evolved fields 

(£>(/?*), J(/3*), K{P*)) can be expanded in terms of the 
initial data {q, J, K) G Cg(S) with respect to the conjugated 
modes at /3 = 0. Note that these backward propa- 

gated modes only depend on the geometry of the fiducial 
Ricci flow. Thus the {<I>|^^(r/)} provide the geometrical 
directions along which the fields {q, J, K) G Cg(S) do not 
dissipate in the L^-sense. 

The above theorem can be applied to the Ricci tensor TZic{l3) and the Ricci 
flow metric g{P) itself. Indeed, by exploiting theorem 2.8, we directly get 

Lemma 3.3. Let (3 i— ?■ g{l3), < (3 < f3* , be a Ricci flow of bounded 
geometry interpolating between g G Cg(T,) and g G Cg{T,). If TZic{g) and 
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TZic{g) respectively denote the Ricci tensor of the metric g G Cg{T,) and 
g G Cg(E), then 

(3.19) = ^ / ^l^in , 

and 

(3.20) = E ^1? / ^9ij - 2/3* Uij) d^^ . 



Proof. The proof follows simply by noticing that the (non-linear) evolution 
of TZabW) and gabiP) — ^{P* — /3)Tlab{f^), along the underlying Ricci flow, 
is governed by Od^a6(/3) = and (gabiP) - 2(13* - P)nabil3*)) = 0, 
respectively. Thus TZabiP) and gab[f3) — 2(/3* — l3)TZab{P) arc smooth and 
conjugated to the flows |*^ifc^(^)|, n G N, and in analogy with (3.7), we get 
the stated result. | 



There is a useful (somewhat tautological) rewriting of theorem 3.1 which 
better emphasizes the relation among the Ricci flow conjugated data Cg(5]) 
and Cg{T,). This relation will be further stressed later on when we will 
introduce the heat kernel associated with the conjugate operator • 



Lemma 3.4. Let 
(3.21) 



Ja 
Kab 



n 
n 



the mode expansion on (S, g) of the data G Cg (S), where 



(3.22) 
(3.23) 
(3.24) 

Then, if we define 
(3.25) 



Cn{Q) ■ 
Cn{j) : 
Cn{K) : 



Q^{n)dHg , 

/ Ji^{n)dflg' 

L 



Kij $(„) dug . 



Q ^(n) diig - Cn (g) 
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(3.26) 



SJ, 



(n) 



(3.27) 

we can write 
(3.28) 

(3.29) 

(3.30) 



SK, 



(n) ■-- 



n 

n 



Proof. The lemma trivially follows by first adding and subtracting to the 
expressions for {q{I3*), Ja{P*), Kab{l3*)) the terms j"", K"^^^ and then 
expanding according to theorem 3.1 and (3.21). | 



Roughly speaking, this lemma implies that the physical Einstein data G 
Cg(S) evolved, along the fiducial Ricci flow, according to 0(iC(/3) = 0, 
generate fields {g{l3*), Ja{P*), Kab{(3*)) which are expressible in terms of 
reference Einstein data Cg(S) plus fluctuation terms. These latter can be 

u 

parametrized in terms of the eigen-modes on the reference (S, g) and of 
their conjugate evolution along the given backward Ricci flow. This shows 
that Ricci flow conjugation is a rather natural procedure for comparing the 
initial data sets Cg{T,) and Cg{T,). 

Explicitly, we can rewrite the Hamiltonian and the divergence constraints 

(3.31) nig) - (2A +\K\l- {trgKf) = I&t^q , 

(3.32) 2V''{Kab-9ab{trgK)) = IGnlb , 

which are assumed to hold for the reference data set Cp(S), in terms of the 
Ricci evolved physical data {q{/3*), Ji{/3*), Kab{/3*)) and their fluctuations 
according to 

Lemma 3.5. On the reference manifold {Ti,g), the Hamiltonian and diver- 
gence constraints (3.31) and (3.32) take the following form when expressed 
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Figure 18. By exploiting the mode expansion of tlie fluctu- 
ating fields (see (3.28), (3.29), and (3.30)) we can compare 
the initial data sets Cg{T,) and Cg(E). 



in terms of the Ricci evolved physical data (3 i— )■ {g{f3*), Ji{/3*), Kab{P*)) and 
of their fluctuations {6 , 6 J(„) , 6 K(^n) ) ; 



(3.33) 



2A + 



167r^>(/3*)-16^ Y^^'-'^Ug^^) , 
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and 



(3.34) 



n 



n 



167rJb(/3*)-167r '^b ^ ^in) ■ 



n 



Proof. An obvious rewriting of (3.31) and (3.32) in terms of (3.28), (3.29), 
and (3.30). | 

This lemma becomes a geometrically and physically significant statement 
if one can prove that the Ricci evolution f3 i— {g{l3*), Ji{^*), Kabi/3*)) of 
the physical data Cg{Ti) entails a form of geometrical averaging control- 
ling the fluctuations (5 ^^^^ , S J^n) ■, ^ ^(n) ) ; ^"^^ complying with the domi- 
nant energy condition characterizing the given matter field {g, J) G Cg(S). 
In the next section we do actually prove that the Ricci evolution /? i— t- 
{q{I3*), Ji(P*), KabiP*)) is in a technical sense a geometrical averaging as 
seen from the reference data Cg(S), at least for sufficiently small r]. This is 
directly suggested by Theorem 3.1 which indicates that the mode expansion 
formally behaves as a heat kernel for the operator of Q^- This is indeed the 
case, and the averaging properties of Ricci flow conjugation become quite 
manifest when we consider the the heat kernel of '■= ^ — ^L + T^, along 
the backward Ricci flow rj >->■ gabiv)- 

4 Asymptotics for Ricci flow conjugated data 

Let j3 ^ {T,, gabi/3)), /3 € [0,/3*] be the fiducial Ricci flow of bounded 
geometry interpolating between the two data sets Cg{T,) and Cg(S), and 
let C/g C (S,(7(/3)) be a geodesically convex neighborhood containing the 
generic point x G S. For a chosen base point y G Uq. denote by lp{y,x) 
the unique (7(/3)-geodesic segment x = expy u, with u G TyT., connecting y 
to X. Parallel transport along lis(y,x) allows to define a canonical isomor- 
phism between the tangent space Tyll and TxH which maps any given vector 
v{y) G TyS into a corresponding vector vp^^^^^^^ G T^T;. If {e(^h){x)}h=i,2,3 
and {e(fc/) (y)}fc'=i^2,3 respectively denote basis vectors in T^T, and TyT,, 
(henceforth, primed indexes will always refer to components of elements 
of the tensorial algebra over Tj^S^), then the components of vp^ can be 
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expressed as 

(4.1) (^;p,^(^^^,)^x)=4(y,x;/3)^.'''(y), 

where r^, € TS Kl T*S denotes the bitensor associated with the parahel 
transport along lp{y,x). The Dirac p-tensorial measure in Up C (Ti,g{f3)) 
is defined according to 

(4.2) <5^;-^n2/,^;/3) :=0^„=i)r^?(y,x;/3) 5p{y,x) , 

where dp{y, x) is the standard Dirac measure over the Riemannian manifold 
{'Ej3,g{P)) (see [44]). With these notational remarks along the way we have 

Theorem 4.1. The flow /3 t-^ C{f3) admits, along the backward Ricci flow 
rj (SjC/ab (»?)); iJ e [O,,0*], the L^(S x [0,13*], dfig^j^-^) -averaging kernel 

( H{y,x;r]) \ 

(4.3) 7?^M(x,2/;r?) = H-{y,x;r]) 

V Hf,,iy,x;v) J 

defined by the fundamental solution to the Hodge-DeRham-Lichnerowicz 
conjugate heat equation 

(1^-4"^ + ^) H(y,^;^) = o, 

(4.4) 

limj?\o+ ^iy,x;v) = S{y,x) , 

where 

f S{y,x) \ 
(4.5) S{y,x) = 51,{y,x) 

is the corresponding p-tensorial Dirac measure. 

Proof. If (S, gabii])) is a smooth solution to the backward Ricci flow on x 
[0, /?*] with bounded curvature, then we can consider the g'(r/)-dependent 
fundamental solution iJ"|,(y, x; 77) to the conjugate heat equation (2.43), 
i.e., 

(|- AP + 7^) Hf,,{y,x;r)) = 0, 

(4.6) 

lim r,\o+ Hf^' (y, V) = Sfk' iv^ a;; ) , 

where (y, x; r?) G (S x ^\Diag{J: x E)) x [0,/3*], r/ = /3* - /3, denotes 
the Lichncrowicz-DeRham laplacian with respect to the variable x, and 
Hf^,{y,x;ri) is a smooth section of {®^TY.) K {®^T*Y.). The Dirac initial 
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Figure 19. The heat kernel M(y, x; rj) of the conjugate hn- 
earized Ricci flow (in the HDRL representation) in the ij- 
dependent geometry associated with the fiducial Ricci flow. 



condition is understood in the distributional sense, i.e., for any smooth 
symmetric bilinear form with compact support ^ ^ C^(S, (8)^TS), 

(4.7) / Hf,,iy, X- r?) w'^' [y) d/x^^J^ ^ w'^'ix) as v\0^, 

where the limit is meant in the uniform norm on C^(S, (SILT'S). Since 
along a backward Ricci flow on x [0, with bounded geometry, the 
metrics Qabiv) uniformly bounded above and below for < < /3*, 
it does not really matter which metric we use in topologizing the spaces 
C°°($]^, (^^T* S^), and we can readily adapt to our setting the parametrix- 
deformation methods used in [35] and in [18] to prove [15] that along a 
backward Ricci flow on x [0,/3*], with bounded geometry, there exists 
a unique fundamental solution r] i — > H°;^f^,{y,x;ri) of the conjugate (Lich- 

nerowicz) heat operator ^ g| — A^^^ + TZ^ . For the explicit (and rather 

lengthy) proof of this latter result and for the general properties of the in- 
tegral kernel i?"^/(y, x; ry) we refer the reader to [15]. Here we just need to 
recall its \ 0^ asymptotics, since this latter will be related to the explicit 
structure of the averaging we are considering. The kernel -ff"^, (y, //) is 
singular as ?? \ 0+, the general strategy for discussing its asymptotics is 
to model the corresponding parametrix around the Euclidean heat kernel 

[4:7rr]) 2 exp ( — j defined in TyS by means of the exponential map- 
ping associated with the initial manifold (T,,gab{r] = 0) = gab)- To this end, 
denote by d^(y, x) the (locally Lipschitz) distance function on (S, gabij])) ^"^^ 
by inj (S, g{r])) the associated injectivity radius. Adopt, with respect to the 
metric gabiv)-! geodesic polar cordinates about y G S, i.e., x^ = dr^{y,x)u^ , 
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with u^' coordinates on the unit sphere C TyT,. By adapting the anal- 
ysis in [18], [28], and [31], [33] to (4.6) we have that, as r/ \ 0+, and for 
all {y,x) e S such that do{y,x) < inj {T,, g{0)), there exists a sequence 
of smooth sections T[h]f^, iy,x;r]) G C°^(S x S',(g)2rS K ^^T*!!), with 

"^[0] fk' (y^ ^; ^) = '^fk' (y^ ^; v), such that 



(4.8) 



exp 



N 



(47r r]) 



J^v^'mfk'iy^^^v), 



h=0 



is uniformly asymptotic to i7j"^/(y, 77), ie., 



(4.9) 



Hfk'iy,^;v) 



exp 



4r; 



AT 



(47r 77) ^ 



/i=0 



in the uniform norm on C°°(S X i;',(8)2rS X (8)2t*S). a detailed presenta- 
tion of the 7/ \ 0+ asymptotics of generalized Laplacians on vector bundles 
with time- varying geometries is discussed in [31], [33]. 

In analogy to (4.6) let us introduce the fundamental solutions H{y,x;r]) 
and Hf,{y, x; rf) of the scalar conjugate heat equation (^ — A -|- 7?.) and of 

the vector conjugate heat equation — A^ec + Ti-), (see (2.22)). Then by 
defining 



(4.10) 



I(x,y;r/) = 



H{y,x-ri) 
H^,{y,x;r]) 

Hfk'{y,^-,v) 



we can write in compact form 

lim »?\o+ BI(y, x; rj) = S{y, x) , 



(4.11) 

where 
(4.12) 



S{y,x) 



6{y,x) 

^■'{y.x) 
sfk'iy,^) 



is the corresponding array of p— tensorial Dirac measures. In particular, it 
follows that the various asymptotic expansions of the fundamental solutions 
H{y, x; 77), H°;(y, x; rj), and H°i^j^,{y, x; rj), which can be obtain in full analogy 



44 



RICCI FLOW CONJUGATED INITIAL DATA SETS 



with (4.8), can be written in a compact notation according to 



(4.13) H(y, x; r,) ^ V r^'^tlh] {y, x; v) 

(47rr/)2 



■n\o+ 



where T[/i] (y, x; r/) is a collective notation for the appropriate set of sections 
characterizing the asymptotics of the various heat kernels involved. | 



Figure 20. The asymptotics of the heat kernel M(y,x;rj). 

Further details of heat kernels associated with a parameter-dependent met- 
ric are discussed in [35], [18], (see Appendix A, §7 for a characterization of 
the parametrix of the heat kernel in such a case) , and in a remarkable paper 
by N. Garofalo and E. Lanconelli [28]. Strictly speaking, in all these works, 
the analysis is confined to the scalar laplacian, possibly with a potential 
term, but the theory readily extends to generalized laplacians, under the 
assumption that the metric 5afe(/3) is smooth as f3* . In particular, the 
case of generalized Laplacian on vector bundles with time-varying geometry 
has been studied in considerable detail by P. Gilkey and collaborators [31], 



Remark 4.2. The structure of the asymptotics (4.13) of the heat kernel 
]HI(y, x; r]) directly shows that, at least for small ry, the main contribution 
to M{y, x; rf) comes from a neighborhhod of y G S consisting of all points 
X £ E which, as measured in the reference geometry (S,g), are at a distance 




H(y, x;ti) 



[33]. 
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do{y,x) < 2y^. This remark implies that the integral kernel M.{y,x;r]) 
averages out over a length scale given by 

(4.14) r{p)c^2^ = 2VP* -P . 



4.1 Asymptotics of the averaged data 

The averaging properties of BI(y, x; 7]) are readily stated by exploiting the 
properties of the conjugated linearized Ricci flow. Explicitly, we get 

Theorem 4.3. Let rj gabiv) be a backward Ricci flow with bounded ge- 
ometry on X [0, /?*] and let Hp^,{y,x;r]) be the (backward) heat kernel of 
the corresponding conjugate linearized Ricci operator H^^,{y,x;r]) = 0, 
/orr?G(0,r], with Hff^,{y,x;rj\0+) = 5fk,{y,x). Then 

(4.15) 7^j/fe'(y,?7 = 0) = / Hf^, {y,x;ri) Uabix, ri) dfig^^^^) , 

for all < T] < 13* . Moreover, as rj \ 0'^ , we have the uniform asymptotic 
expansion 

(4.16) ni>k'{y,V = 0) = 



— 3- / exp Ti,k>{y,x;ri)nab{x,v)dHgr^^r,) 



h=i (47rr?)2 \ y 



+0{ri^-'2 



or associ- 



where T'^ii^i{y,x;ri) G TS^ M r*E^ is the parallel transport operat 
ated with {T,,g{ri)), do{y,x) is the distance function in iTi,g{rj = 0)), and 
T[h]%{y,x;r]) are the smooth section e C°°(S x S',®^^ K (g)2r*S), (de- 
pending on the geometry of {T,, g{r]))), characterizing the asymptotics of the 
heat kernel K!^'j^,{y, x; rj). 

Proof. From proposition 2.8 we get that along the backward Ricci flow on 
S X [0, P*], we can write, for ah < < /?*, 

(4.17) Ui^k'iy, r/ = 0) = lim / Hfk,{y, x; r/) Uabix, r?) d/x ( ) 

= / Hfk' (y, x; ri) Uabix, rf) dfig^^^ . 
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Since the asymptotics (4.8) is uniform, we can integrate term by term, and 
by isolating the lower order term, we immediately get (4.16). | 



As an illustrative example, let us consider the case in which (E,^!^^) G C^(S) 
is a manifold of constant curvature C, i.e., 7^j'^./(y, = 0) = 2Cg^ii^r = 

^gi'k'- By tracing (4.15) with respect to g^'^' {y) we get 



(4.18) n{y) = j f^'iy) Hff^,{y, x; ri) 7^„6(x, r/) , 



which nicely shows that the scalar curvature TZ{y) of (S,^„^) is obtained 
upon averaging the Ricci curvature of the data Cg{T,) along the interpolating 
Ricci flow P I — > gah{P)- This is even more explicitly seen from the asymp- 
totics (4.16). Indeed, by tracing (4.16) with respect to g'^^ (y), and taking 
into account that, at order 0(772 ), we can write g^'''' {y)T'^l'i^i{y, x; rj) TZab{x, rf) 2± 
g"-''{x,r])nab{x,r]) = TZ{x,r]), we get 



(4.19) 7^(^/) = 



1 r ( dl(y,x)\ , , 



+ / ^r''='T[/i]«4,(J/,x;r?)7^„^.(x,r?)dM,(.,,) 



h=i (47r?7)5 7s 
+0 (r?^-^) . 



By the very definition of Ricci flow conjugation, (see e.g. (2.44 )), it follows 
that a representation structurally similar to (4.15) and (4.16) holds also for 
the extrinsic curvature flow /3 1— >■ K^biP), solution of the linearized Ricci flow 
OLKabiP) = 0, i.e., 



(4.20) Ki,k'{y,ri = 0)= / Hff^,{y,x;rj)Kabix,rj)dfig^^^^) 
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geometrical 
fluctuations 



Fields 




n\o+ 



(i,g(P = p*-n)) 



Figure 21. The asymptotics of the averaged data (the 
fields) is, for small r], a form of Gaussian averaging dressed 
by geometrical fluctuations. 



for all < r/ < /?*, and 



(4.21) Ki,k'{y,V = 0) = 

1 f ( dUy,x] 



3 / 6Xp 

(47rr/)2 Js 



4r] 



+ y2 — 3" / *^-^p 



41] 



a;; T/) Kab(a;, r/) 



Again by tracing with respect to g^'''' (y) we get 



(4.22) 



k{y,r] = 0) = / g''^' {y) Hf^,{y,x;r]) Kab{x,r]) dfig(^^^^) 
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and 

(4.23) k{y,rj = 0) = 



(47r?7)2 
+ 



^ 7s """"^V — 



/ ^r'''T[/.]«4,(y,x;,?)i^„,(x,7?)dM,(,,,) 



fe=i (47r77) 

Since lim^\^o+ /s 5a6(2;, ^) c^Atg(,,) = gi'k'{y,V = 0), the conser- 
vation law (2.47), applied to Hp\,{y,x; rj)), directly provides the 

Lemma 4.4. Let f3 1— )■ gabiP) be a Ricci flow with bounded geometry on 
X [0, and let Hf}'j^,{y,x\'ri) he the (backward) heat kernel of the cor- 
responding conjugate linearized Ricci operator Ql? for r] = j3* — j3. Then, 
along the backward flow rj 1— )■ gab{f])> 

(4.24) iy,V = 0) = J^Hf^,{y,x-ri) [gabix,ri) - 2r} Tlab{x,ri)] djigi^^^^) , 

for all < r) < j3* , and 
(4.25) ^.,,,(y,r? = 0) = 



1 / a.o(y,x) 

3- / e 4^ Tf,f.,{y,x;r)) [gab{x,ri) -2rinab{x,v)] di^g^^^^) 

(47r77)2 

+ >, 3- / e T[/i]",^,(j/,a;;??) [5r„6(x,r?) - 2?77^a6(a;,?7)] 

ft=i (47rr?)2 

/lo/ds uniformly, as r]\0'^. 



From the scalar part of the conjugate heat kernel M.{y, x; rj) solution of (4.11) 
we get, for the matter density flow /3 1 — > q{P), 

(4.26) Q{y, 77 = 0) = / H{y, x; rj) g{x, rj) dfig^^^^) , 
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where, as usual, rj := P* — /3, and 



(4.27) Q{y^r] = 0) = / exp (- ^^^f '^^ \ q{x, t]) d^gr^^^) 



+ y] r / eV J T[h]{y,x;r)) g{x,r])dng^^^^^ 

h=i (47rr/)2 

+0 (r?^-^) . 

Since H{y,x; ij) solves the conjugate heat equation (4.4), the relation (4.26) 
is a statement of mass conservation in the averaging region supporting, as 
rj varies, the probability measure H{y,x;rj) d/^gf^^ ,^'^, (again by the defining 
conjugacy relation, it is immediate to verify that Jj. H{y,x;rj) djigf^^ = 1, 

Vr?e[o,r]). 



Finally, for the matter current density Jj G C^(S), (evolving according to 
Od, Ji = 0-see def. 1.3), we get 

(4.28) Ji,{y, r] = 0) = H^,{y, x; rj) Ja{x, r]) d/ig^^^^) , 

for all < ?7 < /3* , and 

(4.29) J,,{y,n = 0) = 

/ exp f- ^o^y'^^ \ Tl,{y,x;ini)Ja{x,r])diig^^. 



v) 



+ E^^ / exp(-%^) T[/i]«(y,x;r?)J„(x,r?)d/.,(,,,) 
h=i (47rry)5 V 4?? / 

+0 (r?^-^) . 

We can exploit the above asymptotics for giving a rather convenient repre- 
sentation, as r/ \j 0"*", of the fluctuations (6 S J{n)^ ^ -^(n))- For instance, 
in the case of the matter density, by comparing (4.27) with the corresponding 
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expression (3.28) in lemma 3.4, we can write 
(4.30) e{P*,y) = giy) + Y,^^''^^Q{n) 

n 

= Q{y) + — ^ / exp (-^^^xr^l \s{x,rii)-Q{y)\ dfig^^^^^ 
(47r7?)2 is \ / 

+ 3 / eV y T[h]{y,x;ri) [Q{x,ri)-g{y)]dHg^^^^) 

h=i (47rr?)2 Js 

Similar expressions can be easily written down for 6 J(„) , and 

X^n ^ab ^ ^{n)i ^-^^l clearly show that, at least for small r/, Ricci flow con- 
jugation is an averaging procedure as suggested by the spectral resolution 
described in Lemma 3.4. 



4.2 The Matter— Geometry content of C{j3*) and its asymptotics 

The actual computation of the sections T[^] f!^j^,{y,x;r]) is, in general, quite 
demanding and the above asymptotic expansions are mostly of theoretical 
rather than practical value in most situations. A more useful result can 
be obtained if, rather than looking at the pointwise expressions for the de- 
formed data C{P*), we consider the following integral quantities: 

(i) The matter content of C{f3*) with respect to C (rj) 

(4.31) mri)-= [ Qiy,nQiy,v)dfig^y,r,); 

a 

(ii) The current content of C(/3*) with respect to C (77) 

(4.32) 5(7?) := My, n T{y, 77) di^^^y^^^ ; 

u 

(ii) The extrinsic curvature content of C{f3*) with respect to C {rj) 

(4.33) ^iri) := j Kab{y, nK''\y,v) dfig^y,,,) . 
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By introducing the compact notation 

(4.34) an0(r?) := ^ C{y,n C ^y, r?) := 

wc collectively refer to the above expressions as defining the Matter-Geometry 
content of C{j3*) with respect to C (rj). Note that whereas 971(5 (ry = 0) is a 
conserved quantity along the interpolating Ricci flow, in general 9710(7/) is 
not. Making a parallel with heat propagation, the integrals defining 9Jt©(?7) 
play the role of the heat content of a system characterized by a distribu- 
tion given by C{(3* — r/) and by an r^-dependent specific heat proportional 
to C{ri). It provides, as rj varies, a relevant physical quantity which through 
dyt<3{ri) — 9Jt(5(0) can be conveniently used to describe, at least for small 
rj, the fluctuations of the averaged physical data C(/3* — r]) with respect to 
the reference data. To show that this is indeed the case, let us note that in 
terms of the heat kernel M.{y, x; rj) we can write 



v) 



(4.35) C{y,n= [ H(y,x; ?7)C(x,r?)d//g(^ 
Thus 

(4.36) m&iv) = J ^) ^ ^) © C "(y, ??) d^i^^^^^^ dfig^^^^y, . 

This expression has the structure of the heat content (in the sense of P. 
Gilkey [31, 32]) in a time (ry) variable geometry with specific heat given ^ 

by C {y, T]). In particular, if we specialize the results of [31, 32] to the case 
of the Lichnerowicz-Hodge-DeRham heat flow discussed here we get the 

Theorem 4.5. Let A^f^^'^^ := — ((i(5g(^*_^) + 5g(^f^*_ji^ d) denote the Hodge 
Laplacian, with respect to the backward Ricci evolving metric rj i — > div)) 
thought of as acting on the generic section W G C°°(S x [0,;9*], (g)^r*S), 
p = 0, 1, 2. Forrie[0, /?*] small, let 

(4.37) A^^^''^^ W ^AdW + rj^^A''^ V„V6 W + B''VbW + EW^ + o{ri^) 

be the first order Taylor expansion of A^f^'^^'^ around gikiP*) = Qik £ Cg(S), 
with Arf and Va respectively denoting the Hodge Laplacian and the Levi- 
Civita connection on (S,^), and where the coefficients A , B , E are ge- 
ometrical quantities constructed with the Riemann and the Ricci tensor of 
{T,.g). With these 'preliminary remarks along the way, the Matter-Geometry 



^Actually, in order to compare with the structure theorems in [31], the role of the 
specific heat should bo played by the expression C (r/) \/det g[ri)/y/de^i g. However, since 
we are interested in the small rj asymptotics, we can equivalently use c\ri). 
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u 

content of C{P*) with respect to C {rj) admits, forr] \ 0"^, the asymptotic 
expansion 

oo 

(4.38) m&ir]) - ^ »n(C, C) r7"/2 , 

n=0 

where the coefficients !B„(C,C) are all for n odd, and where the coefficients 
for n = 0, 2, 4 are provided by 

(4.39) ^oiC,C)= J^C{(5*)QC^dfig, 

(4.40) <B2{C,C)= - J^AdCin®C^dfig, 

(4.41) ©4(C,C) = ArfC(r)0 ArfC"d/x^ 

~l [ [^'"'^aVbCiP*) + B%C{P*) + EC{P*)]q d,,g . 



Note that explicit formulae for Q3n(C,C), with n > 6, are in general, at the 
time of writing, not known. 



Proof. The theorem is a direct application of Gilkey's analysis of the heat 
content asymptotics for the heat propagation generated by Laplace type 
operators in time dependent geometries. In particular one can apply theorem 
9.2 in [32], (this is stated for the more general case of the heat type operators 
evolving in domains with Dirichlet boundary conditions, where both the 
geometry as well as the boundaries are time dependent). | 



As an illustrative example we start working out the asymptotics for the mat- 
ter content 9Jt(?7). In such a case, A^^^''^^ reduces to the Laplace-Beltrami 
operator A^^^'^^^ on {E,g{P* — 77)), and one easily computes 

(4.42) A^^^")) - A - irjU^^VaVb + o{if) , 
where we have exploited the relation 

(4.43) ^A(/') = 27^«^V„V^,, 
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which holds along the Ricci flow (see e.g. [18]). Prom the above theorem 
we easily get 

(4.44) miri) := giP*) ^ = ^ Qined/^g 

-r? ^ gAein dfxg + r/-^ ^ n^'VaVbgiPlgdfig +... . 

It is clear that the main computational burden in writing down similar ex- 
pressions for the full matter-geometry content lies in evaluating the 5^4 (C, C) 
coefficient which requires the Taylor expansion (4.37) of the vector and of 
the Lichnerowicz Laplacian While this does not present particular 

difficulties, the resulting expressions are long and not particularly illuminat- 
ing, thus we simply write down the expansions up to the obvious *B2(C,C) 
term providing the relevant order-?7 contribution to the matter-geometry 
content. We get 

(4.45) Ziv) ■■= ^ MP*) J\v) df^g^n) = MP*) T dfi^ 

-ri [ TAJiiP*)dfig + ri [ Ja{P*)n''''Jbdiig+... . 



(4.46) R{r^) := £ K^^iP*) K "'(r?) = ^ K,,{n K d/x^ 



K^'AKabiP^dti-g 
s 



+ V [ K'^'iTlasmP*) +nbsK{P*) -'^T^asbtK'\n] di,g+... 



where A denotes the rough Laplacian on (S,(7). 

It is clear from the above remarks that the spectrum of fluctuations, even 
for small r/, is quite rich and one wonders if and in which sense we are 
able to control, not just asymptotically, the fluctuations of the Ricci evolved 
fields {g{P*), Ja{P*), Kab{P*)) around the reference data C^(E). This will 
be done by studying separately the behavior of the evolution of matter 
fields {g{P),Ja{P)) and that of the second fundamental form Kab{P). For 
the former we have quite a strong control in the entropy sense. For the 
latter, the situation is quite more complex, with the existence of possible 
non-dissipative directions for the fluctuations. 
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5 Matter fields conjugation 



Let us start with an elementary but basic property of the scalar flow g{r]) G 
C°°(S X M, M), solution of the Ricci-conjugate heat equation Od ^(^) = 
- A + 7^) Q{r]) = 0. According to 

d f 

(5.1) — j^-Q{ri)dfig^^)=0, 

we can normalize rj i-)- ^(r/) so as to have J^, g{r)) dUg^^-^ = 1 on S x [0, 
Since we want to interpret Q{rf) as a mass density, we can further restrict 
our attention to positive solutions ^(ry) := e^f^^\ for some /(?]) G C°°(S x 
M,M+), and consider ci^(ry) := e~f^'^^ ^l^giv) ^ ^ probability measures 

on S. It is easily checked that these probability measures evolve according 
to the (backward) heat equation coupled with the fiducial Ricci flow 

§pgah{P) = -2 UabiP) , 9ab{P = 0) = gab , 

(5.2) 



drj 



dgiv) = ^g{n) dg{v) , dg{r] = 0) = g{r] = 0) c?^3(/3*) 



Remark 5.1. When expressed in terms of f{rj) = — In g{r]) this is simply 
a (well known) rewriting of Perelman's Ricci flow coupling [48] with the 
backward evolution rj i-^ f{rj) 

§-p9ab{P) = -27^„6(/3) , QabiP = 0) = gab , 

(5.3) 

W = ^9Mf - |V/|J(^) + niv) , f{v = 0) = f . 

In what follows, we shall indifferently use both representations. We identify 
g{r]) with the (reference) matter density flow induced by g{r] = 0) G Cg(S). 



With these preliminary remarks along the way, let us consider the flow 

g{f3) G C°°(E X M, M), solution of the scalar heat equation Qa g{/3) = 0. 
By the parabolic maximum principle, g > we have g{f3) > 0, for all 
P G [0, /?*]. Moreover, since (3 >-)• g{l3) and r] i— )• ~g{r]) are conjugated flows on 
S X [0,^*], we have 

(5.4) ^ I^Q{l3)dm = 0, 

where dg{(3) := d'g{rj = (3* — (3). Thus, we can normalize the mass density 
flow j3 i-> g{j3) associated with the data Cg(S) so as to have g{j3) dg{P) = 
1, and assume that also (in(/3) := g{l3) d'g{(3) is a probability measure on 
(S,g'(/3)). This corresponds to localize the matter content of Cg(S) with 
respect to the matter content of the reference Cg(S). 
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In order to discuss the behavior of /3 — )• g{l3) with respect to the reference 
flow 7] — )• d'g{ri) let us introduce the relative entropy functional [23] , 

(5.5) S[dU{l3)\dg{/3)] := I dgiP) dgiP) ' 

[ oo otherwise , 

where dll{f3) <^ d'g[(3) stands for absolute continuity. More explicitly, we 
can write 

(5.6) S[dYimdQm-= I Qm\^Q{P)dg{P) , 

also note that S[dIl{(3)\d'g{P)] is minus the physical relative entropy; the 
positive sign is more convenient for the analysis to follow. 




( p (P), J (J3) ) 

Figure 22. The relative entropy S[dl[{/3)\dg{(3)], associated 
with the (normalized) distribution g{/3) with respect to the 
reference g{r]), allows a rather strong control on the averaging 
effect that Ricci flow conjugation has on the matter fields. 



Jensen's inequality implies that S[dll{f3)\d'g{(3)] G [0, +oo]. Moreover, as 
a function of the probability measures d'g{f3) and dIl{/3), S[dll{(3)\dg{l3)] 
is convex and lower semicontinuous in the weak topology on the space of 
probability measures Prob(S, (7(/3)) over {Ti,g{(3)), and S[dll{(3)\d'g{{3)] = 
iff dg{(]) = dll{(3). Along with S[dIl{f3)\dg{P)] we also define the corre- 
sponding entropy production functional (the Fisher information) according 
to 



(5.7) 



i[du{(3)\dm] 



dU{l3) 

dm 



V In 



(in(/3) 



dgW) 



dgW) 



gif3)\V In g{l3)\^ dgif3) >0. 
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Remark 5.2. {Logarithmic Soholev inequality) 

Since for each given /3 € [0,/3*], (S,(7(/3)) is a compact Riemannian mani- 
fold of bounded geometry and (S, /3 G [0, is a probability mea- 
sure absolutely continuous with respect the Riemannian measure, we can 
assume that a logarithmic Sobolev inequality with /3-dependent constant 
r(/3), LS'/(r(/3)), holds on each (S, (7(/3)). Explicitly, there exists a positive 
costant t(/3), uniformly bounded away from in /3 G [0,/?*], and depending 
from the geometry of (E, g{P),dQ{P)), such that, for each given P G [0, 
we have 

(5.8) S[dEi(3)\dm] < j^^Admidm], 

for all probability measures (S,(iH(/3)) absolutely continuous with respect 
to {T.,dg{f3)), [47, 53]. For each fixed /5 G [0,/3*], (5.8) is equivalent to 
the standard form of of the logarithmic Sobolev inequality, (see e.g. [18]). 
Notice that uniform logarithmic Sobolev estimates holding on the Ricci-flow 
spacetime (E x [0, f]*], g{(3)) have been established by R. Ye, (see e.g. [55] 
and references therein)). For our purposes the simpler (5.8) suffices. 



By exploiting (5.8) we can easily establish the following 

Theorem 5.3. (Control in the entropy sense) 

The functional S[dIl{(3)\dQ{l3)] is monotonically non-increasing along the 
flowP^igi/3),dQi/3)) 

(5.9) -^SidUmdgiP)] = -I[dU{P)\dgm ■ 

Moreover, as the length scale (3 increases, the matter distribution dTl{P) 
is localized, around the reference distribution dQ{/3), in the entropy sense 
according to 

(5.10) 2 \\dU{/3) - dgimL < S[dUmdm] < e-^Iorit)dt So[dn\dg] , 

where So[dU.\dg] := S[dn{P = 0)\dg{P = 0)], and where \\ \\'^^^ denotes the 
total variation norm on Prob{T,, g{P)) defined by 

ct>dTi{p)- jjdm I , 

II 4) lift being the uniform norm on the space of bounded measurable functions 
on E. 



(5.11) \\dYl{l5)-drgm,.r= sup 

ll<i>IL<i 
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Proof. For any geC^i'Ex [0, /3*],M+), || = A £>, we compute 

(5.12) J^g In gdm = 

f {l + lng)Agdg{P)- I ^ In ^ A(d^(/3)) = 

= [ {l + lng)Agdg{P)- [ He g) dg{P) , 
JT JT 

where, in the last line, we have integrated by parts. Prom the identity, 

(5.13) A(^ In ^) = (1 + In ^)A^ + g~^\Vgf , 
we get 

(5.14) -^J^glngdm = - J^g-' \V gf dgiP) = 

= - J^g\V In g\^ dg{P) , 

and (5.9) follows. For each fixed P G [0, /?*], the logarithmic Sobolev in- 
equality (5.8) and (5.9) imply 

(5.15) ^S[dU{(3)\dm] < -2Ti/3)S[dU{/3)\dm] , 
which yields 

(5.16) S[dU{P)\dg{p)] < /o'^^W'^* So[dU\dg] . 

Finally, from the Csiszar-Kullback-Pinsker inequality, (see e.g. [23]), 

(5.17) s[du{(3)\dm] > I Nn(/3) - dmwL > 

we get (5.10), as stated. | 



Such a result implcs that, along (3 i— t- {g{p),dg{l3)), the distribution dll{p) 
localizes around the reference matter distribution d'g{P) in a rather strong 
sense. Stated differently, g{P) is averaged with respect to dg{P). One can 
easily see this by observing that the variance of g{P), under the reference 
probability measure d'g{P), given by 

(5.18) Var[dU{P)\dg{P)] := £ (e(/3) - 1)^ dgiP) , 

is strictly decreasing along the reference flow /3 — )• {g{P),dg{P)). We have 
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Lemma 5.4. (^Evolution of variancej The variance Var[dIl{j3)\dg{/3)] is 
monotonically decreasing along /3 i-> {g{P),dg[P)) 

(5.19) -^Var[dU{l3)\dm] = |V^(/3)|' d^(^) , 

and 

(5.20) Var[dn{/3)\dg{/3)] < e" ^ -^o'' ^ W Varo[dU\dQ] , 
where Varo[dU\dg\ := Var[dU{P = (})\dg{P = 0)]. 

Proof. Prom 



(5.21) —[^g-lf-gd^ig] = [Ai0-lf - 2\V0\'']-Qd^ig 



d_ 

w 

+{Q-if[-/^Q + n-Q]dng-{Q-\f-Qndng , 

which holds pointwise for g G C^(Sx [0, /?*], M"*"), we get (5.19) by integrating 
over S with respect to d~Q{0). For each given /3 G [0,/3*], the logarithmic 
Sobolev inequality LSI{t{I3)) implies, (see e.g.[45]), the following Poincare 
inequality for the pair {dIl{P),d'Q{P)) 

(5.22) t(/3) Var[dU{P)\dgm < \Vgm^ dg{l3) , 
from which (5.20) immediately follows. | 

Remark 5.5. Prom g{p) e C°°(S x [0,/3*],M), OdQiP) = it follows that 

VigijS) G C~(S X [0,/3*],r*E) is a solution of QaV giP) = 0, (a triv- 
ial consequence of the well-known commutation V^A = AdVi). A direct 
computation provides 

(5.23) ^ \Vgm' = A |V^(/3)p - 2\VVg{P)f , 

which, by the maximum principle, implies that sup^.gj^ lVj5(/3)p is non 
increasing as < (3 < P*. Moreover, by integrating with respect to dg{P) 
we get 

(5.24) ±l^\vgm'dm 

[{A\Vgil3)\^-2\VVgif3)\^) m 
which easily yields 

(5.25) ^ ^ \Vgm^ dgi/3) = -2 ^ | VV e(/3)p dgiP) . 
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The above remark suggests that the flow f3 — > q{I3) also dominates the 
matter current flow /3 — ^ J(/3) G C°°(S,r*S) defined, along the Ricci flow 
P — >■ g{P) by OdJiP) = 0, (see (2.20)). In particular, let us consider the 
evolution of the /3-dependent norm, |J(/3)P := Jj(/3) Jfc(/3)5'^(/3), of Ji(/3). 
As in (5.23) we get 

(5.26) ^|j(/3)|2 = A|J(/3)|2-2|VJ(/3)|2, 

where |VJ(/3)P := Wfe(/3)Vi J'^X/S). The maximum principle implies that 
sup3,gs \J{P)\'^ is non-increasing as < /3 < /3*, and integration with 
respect to the probability measure /3 dg{P) provides 

d f . ^/-x|2 J-^/flN _ o f IV7 T^/3M2 



(5.27) — \Ji{3)\'dgi/3) = -2^^ | V J(/?)|^ d^(/3) . 

Moreover, if we consider the evolution of |J(/3)| := {Ji{P)Jk{P)9'''{P)y^^, 
then from (5.26) we compute 

(5.28) ^ \m\ = A I j(^)i + {Mmf - ivmi') . 

By setting Jk{P) = nk{P) \Jm, where n(/3) G C°°(S, r*S), ni(/3)nfe(/3)5^'=(/3) 
1, V/3 G [0,r], we get |V|J(/3)|p - |VJ(/3)|2 = -| J(^)p|Vn(;3)|2. Thus 

(5.29) ^ I J(^)| = A I J(/3)| - I J(^)||Vn(^)p , 

and by subtracting this latter expression to the evolution Qd q{P) = 0; we 
eventually get 

(5.30) ^ (^?(/3) - I J(/3)|) = A {g{P) - | J(/3)|) + | J(/3)| | Vn(/3)p . 

The maximum principle implies that {q{P) — |J(/3)|) > on S x [0,/3*], as 
soon as (f?(/3) — | </(/?) |)^=o — Thus, we have established the following 

Theorem 5.6. The dominant energy condition 

(5.31) q{(3) > \J{(3)\ , 
holds along the flows (3 {q{i3), J {(3)), < /? < 



A similar result holds also for the conjugate flows 77 — >■ (^(r/), J{v)), < rf < 
solutions of Oaigiv), J{v)) = 0. We have 

Lemma 5.7. For any {q{t]), J{r])) G_C~(E x [0,/3*], O^TE), p = 0, 1, solu- 
tion of the conjugate flow O'^igir]), J{r])) = 0, with Q{r] = 0) > \J{r] = 0)\, 
we have 

(5.32) g{n) > \J{ri)\ , 

for allQ<r]< l3* . 
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Proof. As in the derivation of (5.29) above, if we set J^(ry) = ifi^{ri) | J(r?)|, 
where m^{r])in^{rj)gik{rj) = 1, V?? G [O,;0*], we easily get from C)*^J{rj) = 
that |J(r?)| evolves according to 

(5.33) I- \J{v)\ = A \Jin)\ - I J(r/)||Vm(r7)|' - n{v)\Jiv)\ ■ 



drj 

Subtracting this expression to the evolution Q*^ q{vi) = {-^ — /S.+TV) Q{r]) = 



of the matter density g{rj), we get 

(5.34) — (^-|J|) =A (^-|J|) + |J||Vm|2-7^(^-|J|) , 

where we dropped the explicit r/-dependence for notational ease. The pres- 
ence of the scalar curvature term TZ(^g — | J|) is rather annoying, and to take 
care of it we exploit the fact that the Riemannian measure density ^det g{P) 
is covariantly constant with respect to the Levi-Civita connection V asso- 
ciated with (S,5(/3)), i.e. Vkdetg{P) = detff (/j) g"^(/3 ) V,gab(/?) = 0, (this 
is equivalent to the familiar formula, di In y^det g{l3) = 5^r"^(/3), for the 
trace of the Christoffel symbols Tf^{P) associated with gab{P))- In particu- 
lar, we have A ^ydetg{f5) = 0. Thus, by computing the ry-evolution of the 
tensor density ^ydetg{r]) (^ — | J|), from (5.34) and the Ricci flow evolution 
I, \/detg{r]) = ^/detg(r]) n{r]), we get 

(5.35) — ^/detg [g - \J\) = A V'det^ [g - \J\) + V'det^ |^||Vmp . 

Again, a direct application of the parabolic maximum principle implies that 
y^det g{r]) {g{r]) — \J{r])\) > on S x [0, /?*], as soon as this condition holds 
for r] = 0. Since the Riemannian density y^detg(ri) is uniformly bounded 
away from zero on S x [0,/?*], we have {g{r]) — \ J{'r])\) > 0. | 

The matter dominance also implies localization and averaging, in the entropy 
sense, of | J(/3)| with respect to the reference |J(/3)|. If we define the matter 
current relative entropy according to 

(5.36) S[dJ{P)\dJ{/3)] := [ | J(^)| In | J(^)| | J(;3)| dAi,(^) , 

then theorem 5.3 implies 

Lemma 5.8. (Matter entropy dominance) 

Along the conjugated matter flows {gijS), JiP)) G C~(S x [0, (g)^' r*E), 
and (^(/3), J(/?)) G C~(E x [0, /?*], TS), p = 0, 1, we have 

(5.37) S [dJ{/3)\d.J{f3)] < e-^^o^it)'it So[dU\dg] ^ 

where So[dU\dg] := S[dU{P = 0)\dg{p = 0)], and where t{/3) > 0, /3 G 
[0,/3*], is the /3-dependent log-Sobolev constant characterized by (5.8). 



MAURO CARFORA 



61 



Proof. The dominant energy conditions established above imply 

(5.38) q{I3) In g{P) m > | J(/5)| In | J(/3)| \JiP)\ , 

whenever both expression make sense. The entropy dominance (5.37) di- 
rectly follows from theorem 5.3. | 

Not surprisingly the conjugate evolution (5.3) of the matter density r] i->- ^(77) 
is strictly related to the Perelman functional [48] T : Met{T,) x C°°(S, R) ->■ 
R defined by 

(5.39) J^[g; f] = jj^n+ |V/|2)e-^ diig . 

In particular, if we introduce the relative entropy functional associated with 
the distribution of ^(/3) with respect to the /3-evolving Riemannian measure 



(5.40) S[dQ{l3)Wg{p)\-= ^(/3) ln^(/3)dM3(^) , 
then one easily checks [46, 17] that on x [0, ^*] 

(5.41) ^^S[dmWg^fi)] = ljn+\Vlngf) dgiP) = ^[5;/] , 

for g evolving along the fiducial Ricci flow /3 i-)- g{/3), and rj ^ f = — In ^(77) 
evolving backward according to (5.3). Since along this evolution T[g\ f\ is 
non-decreasing [48] 

(5.42) ^^[5(/?); /(/?)] = 2 ^|7^,fc(/3) + V,Vfc/(/3)|'e-■^('^)dMg(/3) >0, 



we immediately get S[dQ{j3)\d^g(^0-^] > 0, i.e. S[dQ{/3)\dHg(^i^-^] i 

along (3 g(/3) on x [0,/3*]. The functional J-'[g; f] will play a slightly 
more sophisticated role in the analysis of geometric fields conjugation. 



is convex 



6 Dissipative and non— dissipative directions for K{(3) 



According to definition 1.3, the conjugation between the second fundamental 

forms Kab G Cg(S) and K""^ G Cg(S) is defined by the heat flows Kabil3) G 
C°^(S X [O,/3*],0|r*S) and K''\ri) £ C°^(S x [0, /?*], 0|rS), solutions 
of OdKabi^) = 0, Kabi^ = 0) = Kab, and of OlK'^^v) = 0, K^^r^ = 
0) = K"-^, respectively. We have a rather obvious control on the forward 
evolution Kab{/3) G C°°(S x [0, /3*], (g)|T*E) whenever the initial datum is a 
Lie derivative K{/3 = 0) = 2 5* , for some v G C°°(S, T*S). In such 
according to lemma 2.4, (eq. (2.26)), if u(/3) G C~(S x [0,/?*],r*S) evolves 
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according to OdVaiP) = 0, with Va{l3 = 0) = Va, then Kab{/3) = VaVb{P) + 
VbVail3) is the solution of QdKabiP) = 0, KabiP = 0) = + ^bVa- 

Thus, in such a case the heat flow deformation of K G CgiT,) simply gives 
rise to a P?//(E)-reparametrization of the underlying Ricci flow. Explicitly, 

Lemma 6.1. If the second fundamental form K € belongs to Im6*g, 

then its evolution according to Qd Ki^fi) = generates a flow 

(6.1) ImS;3K^ S;^^^ v^iP) G n 7^s,5(/3))-Mei(S) x [0, ^1 , 

where Ug(^p^ri 7(s,g(^))A^ei(S) is an open neighborhood of g{f3), in the Viff(Ti) 
orbit Og(^py Moreover, sup^-gj^ non-increasing for < /3 < fi* , 

and if a dominant energy condition g > \v\ holds at f3 = 0, we have that 
g{P) > \vi/3)\ along v{P) G C°°(S x [0, (3*],T*J:). Finally, the L'^{^,dQ{P)) 
norm of v{j3) is monotonically decreasing according to 

(6.2) ^ ^ \v{/3)fdm = -2/^ ivvm'dm ■ 



Proof. The statement (6.1) is basically a rewriting of lemma 2.5. We can 
also apply to this situation the results we obtained for the matter current 
flow J(/9), and ultimately for the matter density flow g{/3), (see remark 
5.5, also note that QdOi/^) = implies Hess q{I3) = 0, thus K{f3) and 
HessQ{P) satisfy the same heat evolution). It follows that sup^.^^^ is 
non-increasing for < /3 < /3* . Moreover, since by a rescaling we can always 
assume that a dominant energy condition ^ > |f | holds at /? = 0. wc have, ac- 
cording to lemma 5.6, that q{(3) > \v{/3)\ along v{l3) G ^"^(S x [0, /?*], r*S). 
The L'^{T,,dQ{/3)) evolution (6.2) is a direct rewriting of (5.27). | 



For the reference conjugate evolution K"-''{ri) G C°°(S x [0, (gi|rS) we 
have a natural counterpart of these results 

Lemma 6.2. Along thejolution K''\r]) G C°°(E x_ [0, /?*], (8)|ri;) of the 
conjugate heat flow 0*d^"'^{'^) = 0^ K"-^{r] = 0) = K"-^ , the scalar density 
suPxes \/det g{vi) \5g(^^-^ K{r])\ is non-increasing. Moreover 

(6-3) ^ K{r])\ dfigi^^-) ^ ~ (if^giv) > 

where \5g(^^) K{r])\ := [gft,(r?)Va i^"'' Vf, K''*] and where Q{r]) G C°°(E x 
[0,P*],TE) IS defined by Q'{P) := \5 g^^^ K {r])\-^ V b K>'' . 



Proof. According to lemma 2.4 

(6.4) 0*d {6gi,) K{7j)) = 6g(^,) (OS K{v)) 



MAURO CARFORA 63 

(see (2.27)). This implies that, along K"-^{ri) = 0, the divergence K^{r)) 
evolves according to 

(6.5) ^ V(, K'^iv) = Arf Vfe K'^ir,) - n{v) V, R'^iv) , 

where, as usual, = A — TZic{f3) is the Hodge-DeRham Laplacian on 
vectors. By proceeding as in lemma 5.7, (see eqns. (5.33) and (5.35), and 
also (5.29)), we compute 



(6.6) —^/d^\6gK\ = A^/d^\SgK\- ^/d^\5gK\\VQ\ , 

along the flow (6.5). The non-increasing character of the scalar density 

sup^gj] ly/dct g{ri) \Sy(^j^) R{v) \ immediately follows from the maximum prin- 
ciple, and a direct integration of (6.6) over (E,g(ri)) provides (6.3). | 



The above result shows that Jj.\Sg(^jj^ K{r])\ d/igf^^-j decreases exponentially 
fast along the solution of the conjugate HDRL heat flow K'^'' {rj) = 0, 



K"-''{i] = 0) = K"-'^. We also have some form of control on trgt„-\ K"'^{ri). 



Lemma 6.3. Along the solution K^^iij) G C°°(S x [0^/3*], (^|rs) of the 
conjugate heat flow Od^"^^) = 0; K''''{r] = 0) = the integral of 

tr gi^^-^ K'^^ij]) evolves linearly with < rj < P* according to 

(6.7) ^ trg(^) Kirj) djig^^) = J^tr -g K d/i-g + 2 j] dii-g . 

Proof. The most direct way of proving this result is by exploiting theorem 
2.8 according to which 

(6.8) / (5„6(r/)-2r/7^„^,(??)) i^"'(??)(iMs(^) , 
and 

(6.9) / naMK-\v)d^igi^r,), 

J s 

are costant along the solution K^-^ij]) € C°°(E x [0, /?*], (8)|TS) of the con- 
jugate heat flow OlK°'\r]) = 0, K'^''{ri = 0) = K"''. Prom (6.8) we get (by 
evaluation at = 0) 

(6.10) JJr-gKd^^-g = £ (gabiv) - '^vTlaM) K^^ri) dfig^^^ . 

The constancy along the flow of (6.9) immediately yields the stated result. | 
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As compared to a KabiP) which is a pure Lie-derivative, the evolution 
KabiP) G C°°(S X [0, /3*], 0|r*S) of a second fundamental form possessmg 
a div-free component, K(f3 = 0) = 2 6* w'^ + Kt, with Kt G KerSg, is 
rather subtler. Kt can generate elements G Imdg^^p-^., (recall that, according 
to lemma 2.4 the div-free character of Kt is not preserved by the linearized 
Ricci flow-see (2.28)). In particular, a basic issue one faces when dealing 
with the linearized Ricci flow is to characterize those Kt G Kerdg which 
under the evolution Q)dKab{P) = 0, K^biP = 0) = K^ do not dissipate 
away and give rise to a K{P) with a non trivial component in Ker5g(^^^, for 
ah^G [0,^]. 

A rather complete answer to such a question is provided by the 
Theorem 6.4. (Non dissipative directions for K(P)) 

LetH^^ir]) G C°°(Sx [0, /3*], (^|TS) he a conjugate heat flow Q* H'''' (rj) = 0, 
with H{r] = 0) G Ker6g(^^=oy If Kab{P) G C°°(S x [0, ®|r*E) is a 
solution of Qd KabiP) = 0, with a generic initial condition K{P = 0) := 
K eCg{T,), K = 2S*gW^ + Kt, such that 

(6.11) J^KabH''\ndligj^O, 

where H^'^iP*) := H''\ri = /?*), then {K{P)} O KerSg^p) ^ 0, for all P G 
[0,P*], and 

(6.12) K ^ K{P) G U X [0, P*] , 

provides a non-trivial deformation of the underlying Ricci flow. In particu- 
lar, for P = P* we can write 

(6.13) Klip*) = 5] / K,, $;;^)(^*) dfig , 

where {^^^ j^^} and t)^^^ respectively denote the div-free eigentensors 
of the operator —A.T + 'R-{g) on (T,,g) and the associated backward flows on 
S X [0,P*] generated by Od^(n,r)(^) = ^ln,T)iv = 0) = ^f^^T)- 



Proof. We exploit the fact that according to (6.4) and (6.5) (written for 

a generic H^'^T]) G C°°(E X [0,/3*],o|rS)), the conjugate heat equation 
Q* ]-[a.b^^^ _ g pj-gserves, along the interpolating Ricci flow, the divergence- 
free character of if "^(r/), if this holds initially (forr/ = 0). Thus, iiVh H^^{rj = 
0) = 0, then VbH^i'q) = 0, for all r] G [0,/3*]. Let if(ry) be any such a solu- 
tion of Od H"- {v) = with Vb H^{r] = 0) = 0. Let us consider the heat flow 
K{P), Q)dKab{P) = 0, with a generic initial condition K{P = 0) := -fC G 
Cg(S), K = 26*gV^ + K"^, for some G C°°(S,T*E) and K^ G Kerdg. 



MAURO CARFORA 



65 



Since H{r] = /3* - /3) G Ker5g^^^ for all /3 G [0,/3*], if (6.11) holds we 
necessarily have 

(6.14) ° ^ X ^-"^ = X '^'"^ 

= /" <6(/3) H'^'iP) dfig^^) , G [0, P*] , 

where i7"^(/3) := H^^{r] = P*—^), and where we have exploited the fact that, 
by L^(S, (i/ig(-^-)) conjugacy, the inner product jj.Kah{P)H'^^{(3)dHg(^p^ is 
constant along the solutions K{I3) and H{r]) of Qd -^(/5) = and -f^(^) = 
0, respectively. Thus {K{|3)}<r^ Ker 5g(p) + 0, for all /3 G [0, ^5*], and the flow 
K !->■ if(/3) necessarily has a non-vanishing 5g(^)-component in the affine 
slice parametrization Ug[fi) U x [0, /?*] associated with the underlying 

Ricci flow. If {^^^y} denote the orthonormal set of div-free eigentensor 
of — + 7^(5) on (S,^), and since i^^(/3*) is C°°, we can consider the 
L^(E, d/x^) mode expansion 

(6.15) <,(/?*) = ^i^'"^^ / ^S(r) ^;;t) ■ 

For < T/ < let us denote by {$^^ ,^)(ry)}neN, < 77 < ^* the flows 
defined by 

(6.16) OH<T)(^)} = , {<T)(^ = 0)} := • 
According to (6.5), these flows preserve the div-free character of the ini- 
tial {^ife''^^}, and are conjugated to the forward evolution defining i('^(/3). 
Thus, as in the proof of theorem 3.1, the relation (6.13) immediately follows 
from 

(6.17) ^ ^tn,T){^) dfXg^l3) = ' 

which holds for each conjugated pair 2-)(??), -f^(^(/5)^, n G N. | 

7 J-"— energy stability of Ricci flow conjugation 

If in theorem 6.4 we identify H"-^ with the second fundamental form K ECg, 
it follows that the divergence-free part Kt G Ker Sg of K provides, through 
its conjugate evolution Q)*^K(r]) = 0, K{r] = 0) = Kt, a reference non- 
dissipative direction for the forward evolution K{/3) of the second fundamen- 
tal form K £ Cg. These reference directions arc also related to the behavior 
of the Perelman functional J-" on the pencil of conjugated trajectories around 
the underlying fiducial Ricci flow j3 ^ g{l3). As a consequence, they can be 
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used to characterize a form of entropic stability of Ricci flow conjugation 
along a generic interpolating Ricci flow. Roughly speaking, we expect that 
Ricci flow conjugation is a sensible mapping between Einstein data sets if 
the fiducial Ricci flow interpolating between (S, g) and (S, g) is, in a suitable 
sense, stable. Generalized fixed point stability (see e.g. [14], [34], [52]) is 
not particularly interesting in our setting since if the interpolating flow is 
Ricci flat or, say, a shrinking Ricci soliton, then the associated Ricci flow 
conjugation is basically a diffusive rescaling of data. On the other hand, for 
the case of interest to us, i.e. around a Ricci flow trajectory which is not 
a (generalized) fixed point, the only sensible notion of stability is entropic 
stability in moving from the fiducial flow to a nearby perturbed Ricci flow. 
Thus we introduce the 

Definition 7.1. A Ricci flow conjugation between the Einstein initial data 

sets Cg{Ti) and Cg(S) is said to be J^-stable if the J^-cncrgy of the interpo- 
lating Ricci flow is non-increasing under the perturbation induced by the 
reference data Cg(E). 

In order to discuss this characterization of J^-stability we need a minor tech- 
nical result extending Ricci flow conjugation to L^(E^ x [0, /?*], e"-^^''^ c?/ig(^)). 

Lemma 7.2. Along the fiducial Ricci-Perelman flow ij i— t- {g{ri), f{rf)), de- 
fined by (b.?>), consider the backward evolution / V'"'' = of a symmetric 

bilinear form ip°'''{ri = 0) G C°°(E, (8)^T E) defined by the parabolic initial 
value problem 

oifr'' = (l-^L + 2V'fVi) r' = o, 

(7.1) 

^<^\n = 0) = vf . 

Then, the resulting flowq ip"'''{r]) isL^(E^x[0, /3*],e~'^('') dfig^^j-j) -conjugated 
to the solution /3 hab{P), P G [0, P*],hab{P = 0) = habiP = 0) of the lin- 
earized Ricci flow (2.16), i.e., 

(7.2) ^ ^ r\v) habiri) e-^^") = , 
and we get the conservation laws 

(7.3) ^ ^ RabivWirt) e-^(^) d/x,(,) = , 

(7.4) |- ^ (gabir,) - 2r? i?„,(r?)) r\r)) e'^^^^ = . 
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Moreover, if, forrj = 0, [tp"'' e-f) e Ker Sg, then {tp''^{r}) e'f^''^) G Ker 5g^^^, 
Vr/G [0,^]. 

Proof. It is easily checked that under the evolutions (5.3) and (7.1) the flow 
r] 1-^ ip"'''{ri) e~-^^^^ solves (2.43). Thus, the above results immediately follows 
from theorem 2.8. I 



Let g{r]) i— T[g{rj), f{r])], 77 G [0, the valuation of Perelman J^-energy 
on ry I— 7- (^(j?), /(??)), considered as a flducial flow on S x [0,/3*]. We are 
interested in the behaviour of J^lgir]), f{r])] in a tubular neighborhood of 
^ '"^ {9{v)j fiv))- To this end we need the explicit formula for an rj- 
dependent linearization DT[g{rj); f(rj)] o {'^"^{rf), (j>{rj)) of ^ in the direction 
of an arbitrary variation 

(7.5) 5g(r?) := g-\ri) + er\r}) , g^^{ri) G >tei(S) , Ve G [0, 1] , 
and 

(7.6) fie){v)-=fiv)+^Hv), 

of the flducial backward flow rj ^ {gabiv)-: fiv))- ^ standard computation, 
(see e.g. [17], Lemma 5.3), provides 



(7.7) D^[9{r,yj{r,)] o [r' {r,) , <f>ir,)) := ±J[g^^^{r,); f^,){rj)] 
- ^ r\r)) {T^aM + VaVft /(t?)) e-^('') 

(^"^^'^O (2^/(^)-|W(^)l' + ^(^))e"^^'^^/^.(.)' 

where we have set *(?/) := i'"''^ iv) gabiv) ■ By considering variations ^(77) 
preserving the volume form e~-^^^^ djig^^^y {i.e., by choosing ^{rj) = ^j^), we 
get 



(7.8) ^J[g^^^{n);f^,)iv)] 



€=0 



- [ r\r^){T^ab{'n) + VaVbf{ri))e-f^^Uiig^^^y 

Let us restrict the variation (7.8) to perturbations '^°^{r\) solution of the 
L'^i^n X [0,^*], e"-''^''^'^'*9(''))-conjugated linearized Ricci flow (7.1), (see case 
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(i) of Lemma 7.2), 

(|--Ai+ 2V7(^?)V,) r''{r^)=0, 

(7.9) 

^"''(r? = 0) = . 
In this case we have 

Theorem 7.3. Let us consider the set of bilinear forms 
(7.10) ^± = jv^f e C°°(S,®2j.5^) . ^fe-f g Ker Sg^ , 

which are -L^(S, e~^ diig) -orthogonal to Im 5^. Let {r/ i— )■ ip"'^{vi) : ip°'^{r] = 
0) G 6e i/ie pencil of parabolic flows solution of (7.9) with initial data 
varying in '^±, i.e., 

I- r\v) = Al r'iv) - 2V7(r?) V,V"'(r?) , 

(7.11) 

^'^^(ry = 0) = Vf G ^± • 

Then, the corresponding variation g^^^^rj) := g'^^{vi)+ e ip"''' (rj) of the fiducial 
backward Ricci flow rj i— )• gabiv)) generates a constant shift in the Perelman 
functional, i.e., 

(7.12) ^ ^[5(e)(^), fiv)] =- I T^abiv) r\v) e-^^") = 

Proof. Along the flow (7.9) let us rewrite (7.8) as 

d^ 
de 



(7.13) ^:F[9^e){v),fiv)] 



e=0 



J s 
J s 

where we have set W]^{r]) = Vkf(i){v)- According to proposition 7.2, since 

^«*(,y = 0) G we have that V"^^)e--^('') G KerSg^^), Vr? G [0,/3*] 
and the last term in (7.13) vanishes by -L^(S, e~^ d/x^) -orthogonality. Thus, 

along (7.9) | (r?), /(??)] 1^^^ reduces to - 7^„^,(77) V'^'(r/)e-/('') dMp(^), 
which, again by proposition 7.2, is a conserved quantity. | 



As an immediate consequence of this result we have that the initial data set 
can be used to parametrize the pencil of linear perturbations around 
a generic {i.e. non Ricci-flat solitonic) backward Ricci flow. In particular 
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we have the following characterization of perturbed backward Ricci flow 
trajectories 

Lemma 7.4. Let rj i— t- g{r]) denote a fiducial backward Ricci flow, and 
assume that g{ri) is not a Ricci-flat soliton. Let 'P\^±;g{rj)\ = {?? i— >■ 
[ip"'''{r]), fir])) : V'"^(^ = 0) G be the corresponding pencil of para- 

bolic flows solution of (7.1) with initial data varying in A flow r) i->- 
(ipiri), f{ri)) with tp"''^{ri = 0) G is J-'[g{r]), f{ri)]-energy increasing (de- 
creasing) 



>0, (<0), 



(7.14) jj[9(e){v), firj)] 
if for rj = 0, TZab e"^ d^ig < 0, (> 0). 

We can apply this result to the the backward evolution rj i->- {g{r]), K{r))) of 
the (reference) matter density and second fundamental form (g, K) G Cg(S) 
so as to obtain the following entropic characterization of the stability of 
Ricci flow conjugation around a generic interpolating Ricci flow. 

Theorem 7.5. For e > small enough and < /3 < /?*, let QeidW)) 

:= {<7(/3) + h{P) I h G 7^s,a(/3))A^et(S) , ||/i(/3)||l2(s,,^^,,,) < e} , 

denote the (affine) e-tubular neighborhood of the fiducial Ricci flow f3 g{P) 
in A^et(S). We assume that /3 i-^- g{P) is not a Ricci-flat soliton over 
E X [0, (3*]. If Ktt is the trace-free and divergence-free part of K E Cg{T,), 

then the reference flow rj i->- [g(rj),C (rj)) is Tlgirj), g{r))]-energy decreasing 
(increasing) in Qe{g{P)), i-^- 

(7.15) ^^b(e)(r/),^(r?)] 



<0, (>0), 

=0 



and the Ricci flow conjugation between the two data sets Cg(S) and Cg(S) 
is J- -stable (unstable) in the K -direction if for r] = we have 

(7.16) dig, K) := (u ab Ktt + ^ ^^^^a ^) ^^A^p > , (< 0) . 

Proof. Along the flow r/ i — > iK{r]) ,~g{rj)) solution of the conjugate heat 
flow Od(K{r]) ,g{r])) = 0, with (K{r] = 0) = Kt ,g{r] = 0) > 0), both 
the divergence-free condition and the positivity condition are preserved. It 
immediately follows that '^{rf) := g~^{r]) K{r]) is a solution of OL,/^"^(r/) = 
0, with /(r/) := — In g{r]), such that V'"^(^ = 0) G ^'j,. Then, the above 
lemma provides the stated result if we factorize K(r] = 0) = Kt in its 
TT-part Ktt plus the trace trgK. | 
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Along the same lines, (by exploiting (7.4)), one could discuss entropic stabil- 
ity of Ricci flow conjugation with respect to Perelman's shrinker functional 
yV{g, Q, t). The details of such an analysis will be discussed in a forthcoming 
paper. 

8 Conclusions 

The works [9, 10, 11] describe a number of potential applications of Ricci 

flow conjugation, such as producing averaged data for cosmological space- 
times, computing backreaction terms to the constraint equations, and in 
general giving (or rather trying to give) a sound mathematical basis to the 
challenging mathematical and physical problem of averaging in cosmology. 
The properties of Ricci flow conjugation discussed here indicates clearly that 
an averaging procedure based on Ricci flow is mathematically feasible and 
when the averaging scale is not too large {i.e. when 77 \Rm{r])\ « 1), such 
a procedure corresponds, according to Theorem 1.10, to a form of local 
Gaussian averaging dressed with a rich spectrum of corrections terms of ge- 
ometrical origin. Clearly, the nice geometrical properties of Ricci flow must 
come to terms with the intricacies of what should be considered as a phys- 
ically sound averaging technique in relativistic cosmology. Indeed, modern 
high precision cosmology calls into play delicate averaging issues [26] rang- 
ing from frame effects, localized averaging over past light cone, multiscale 
averaging and the geometrical characterization of a corresponding distance 
ladder, just to mention a few [49, 54]. Thus, it is still an open problem to es- 
tablish what the most appropriate averaging technique may be. In any case 
a general prescription for comparing (generalized) Einstein initial data sets 
seems, from the point of view of mathematical cosmology, a necessary step 
in such an averaging scenario and Ricci flow conjugation suggestes itself as 
a natural technique unifying in a unique geometrical framework several nice 
features: (i) sets a coherent averaging scale between matter and geome- 
try which goes beyond a naive volume averaging; (ii) It relates matter and 
geometrical averaging to energy conditions; (in) It provides a precise con- 
trol over the entropic stability of the relative matter-geometry fluctuations 
between the given data sets. 
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